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ABSTRACT

We have developed a computational framework that allows
an efficient, spatially variant correlation filter for anisotropic
dip filtering. The approach is based on the Laplace correlation
function, for which there exists analytical expressions for the
correlation kernel and its inverse kernel in the 1D case. An
extension to higher dimensions by adding orthogonal 1D in-
verse functions provides a linear equation whose solution is
identical to applying a Bessel filter. We have found that a
good approximation of the Laplace filter function is obtained
by applying a cascade of Bessel filters. We implement such an
inverse operator on regular grids with a finite-difference sten-
cil, giving a sparse matrix for the linear equation, which can
be solved efficiently through a conjugate-gradient algorithm.
Computing such a correlation operation by solving the linear
system involving the inverse operator is significantly faster
than applying the correlation function via convolution or win-
dowed convolution: Solving the linear system is as fast as
applying often-used tensorized 1D convolutions.

INTRODUCTION

Seismic imaging techniques build representations of the subsur-
face from acquired seismic data. Strategies for this imaging process
are numerous and are constantly improving. One key aspect is im-
proving the resolution either by altering how kinematic information
is used or by incorporating information that is more sensitive to
amplitude. The two key families of imaging techniques can be sum-
marized as (1) migration approaches based on kinematic projections
mitigating amplitude influence, from classic migration (Claerbout,
1971, 1976) to least-squares migration (Lailly, 1983; Nemeth et al.,
1999), and (2) migration approaches based on iterative inversion of
waveform misfit increasing the influence of true seismic amplitude,
such as full-waveform inversion (FWI) (Lailly, 1983; Tarantola,

1984, for the seminal references). Both approaches rely on imaging
conditions that are sensitive to several undesired factors, such as
acquisition footprints, imaging artifacts, spatial aliasing, and coher-
ent and incoherent noise. Many of these artifacts may have orien-
tations conflicting with the underlying true geologic structure. They
can be effectively attenuated by smoothing along the orientation of
the expected local geologic dip.
There are several strategies that can be applied to attempt to smooth

along specific structural dips of a seismic image. Some approaches
window over a few samples parallel to the dip, filtering out unwanted
features using simple statistical methods, such as median, mean, or
alpha-trimmed mean (Lee and Lassa, 1985; Longbotham and Bovak,
1989). Other strategies include those that look to attenuate wavenum-
bers in a particular orientation, such as the wave-kill filter (Claerbout,
1992), the plane-wave annihilation filter (Fomel, 2002), or those
based on anisotropic diffusion kernels (Hale, 2007) and structure-ori-
ented filtering (Fehmers and Höcker, 2003; Hale, 2011). The inverse
of these notch filters is often used to “steer” along the geologic dip by
selecting a proper diffusive-like tensor. For example, such an ap-
proach has been applied as part of FWI (Guitton et al., 2012).
In this paper, we discuss the calculation for an image value at a

given point by summing over adjacent points using a monotonically
decreasing weighting function. The weight of this function de-
creases as the distance increases between the point of interest and
adjacent points. This weighting function acts as a low-pass spatial
filter, and it is referred to as the correlation kernel. The rate of decay
of the correlation function depends on the shape of the weight, and
it is often characterized by a correlation length: long correlation
lengths smooth more than shorter ones. Designing weights and,
in fact, local correlation lengths gives an intuitive link with the res-
olution one expects in the image at a given point. By explicitly ro-
tating orthogonal correlation lengths to be aligned along the dip, we
argue that the short and long correlation directions and lengths will
be correctly represented, which should prevent undesired “shaping”
of the image. We believe that this behavior is particularly important
especially when we have used this filter as a preconditioner in FWI
(Wellington et al., 2016).
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Because geology varies spatially, there is a strong desire for the
correlation characteristics to be defined locally at each point. This
factor precludes the option of efficiently applying correlation func-
tions in the wavenumber-frequency domain. In addition, we typically
want to use a shorter correlation length orthogonal to the geologic dip
to minimize filtering of key details across contrasts, whereas a longer
correlation length is more suitable parallel to the dip (for how the dip
can be approximated locally, see Fomel, 2002).
In this work, we introduce an efficient tool to perform the con-

volution by a correlation function of the vector describing the image
to be filtered. The application of this correlation function is shown to
be efficient in 1D, 2D, and 3D. Moreover, it can handle dip fields that
vary smoothly in space (associated with anisotropic correlation
lengths) and spatially varying correlation lengths. In the first part, the
application of a correlation function based on convolution is dis-
cussed, prior to addressing the interest of using an inverse filter op-
erator in the second part. In these two parts, the theoretical
computational cost is evaluated. These costs are then compared
on realistically sized 2D and 3D images from field data, prior to con-
clusions.

CORRELATION FUNCTIONS

The convolution by a correlation function to an image or volume
vector u is defined as

~uðxÞ ¼
Z

Cðx; x 0Þuðx 0Þdx 0; (1)

where ~u is the output vector and Cðx; x 0Þ is the
convolution kernel that describes how the image
u at location x is influenced by the value of the
image at an offset location x 0. This expression
can be applied in 1D, 2D, or 3D (where in 3D,
x ¼ ðx; y; zÞ and in 2D, x ¼ ðx; zÞ). When ap-
plied in a discrete world, the convolutional inte-
gral becomes a summation over all elements of
the finite-size image or volume. Such a compu-
tation can be intensive because the convolution
requires a loop over the whole input vector for
each element of the output vector. Table 1 pro-
vides the computational complexity of this pro-
cedure in the third column.
One simple approach to decrease the computa-

tional complexity of the explicit convolution
would be to move to the Fourier domain in which
the convolution of two functions becomes the
product of the Fourier transforms of the two func-
tions. We would then benefit from the efficiency
of the forward and inverse fast Fourier transforms.
However, such Fourier domain approaches apply
only to stationary filters and therefore do not allow
for spatially variant properties.
In practice, the kernel of most correlation fil-

ters decays with physical distance and we can
approximate the filtered image by

~uðxÞ ≈
Z
Ωl

Cðx; x 0Þuðx 0Þdx 0; (2)

where Ωl is a region of radius l, where the correlation weights are
above a certain threshold. We consider the convolution kernel to be
zero outside this domain. The windowed version of the convolution
provided in equation 2 requires an area integral in 2D and a volume
integral in 3D. As shown in the fourth column of Table 1, this win-
dowed convolution significantly reduces the computational complex-
ity, when the radius l is much smaller than the image dimensions.

A 2D example of a correlation function used as the convolution
kernel is shown in Figure 1, for the case in which the correlation
length Lx is longer in one orientation than in the other Lz. In such a
case, the region Ωl forms an ellipse described by the window
lengths lx and lz, outside of which the correlation function is con-
sidered to be zero.
An often applied approach to accelerate the filtering process in-

volves using multidimensional correlation functions formed via ten-
sorized application of 1D correlation functions. A common example
of such a correlation function is the Gaussian correlation function G
that can be tensorized such that Gðx; z; x 0; z 0Þ ¼ Gxðx; x 0ÞGzðz; z 0Þ.
In 2D, for example, we can recast the 2D integral as the successive
application of 1D functions, yielding

~uðx; zÞ ≈
Z

lz

−lz
Gzðz; z 0Þ

�Z
lx

−lx
Gxðx; x 0Þuðx 0; z 0Þdx 0

�
dz 0: (3)

Table 1. Theoretical computational complexity for the different filtering ap-
proaches, assuming a square (2D) or cube (3D) shape with n discrete points in
each spatial direction.

Dimension
Domain
size Convolution

Windowed
convolution

Tensorized
convolution

Inverse
operator

2D n2 n4 a2n2 ≈ n2 2an2 ≈ n2 2b2Dn2Niter ≈ n2

3D n3 n6 a3n3 ≈ n3 3an3 ≈ n3 3b3Dn3Niter ≈ n3

Note: The term a is the number of operations for computing a 1D windowed correlation function to a single
point (a constant if a ≪ n), b is the number of nonzero entries in each row of the ðC−1

XBES
Þmatrix (a constant), Niter

is the number of conjugate gradient iterations to reach convergence (in practice, numerical tests show that Niter

does not scale with n and can be considered as a constant). Note that some constants, which do not affect the
leading order of the complexities, have been omitted for clarity.

Figure 1. (a) An anisotropic 2D correlation function defined with correlation directions
lx and lz. (b) An anisotropic correlation function not aligned with the x- and z-directions.
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In such a tensorized formulation, the computation cost is reduced
(Table 1, fifth column) because we only need to perform several 1D
integrations instead of one multidimensional integral.
A shortcoming of the tensorized approach exists if one needs to

align the anisotropic filter to the spatially varying orientation of geo-
logic dip. In such a case, it is no longer possible to use the tensorized
property available to some multidimensional correlation functions
such as the Gaussian function. The importance of aligning the cor-
relation functions along the dip is highlighted in an example
(Figure 2) taken from an offshore region of the Netherlands. The
2D image shows reflectors dipping from left to right, which are con-
taminated by weak noise. This example is filtered with a 2D Laplace
function, and three different correlation strategies are applied. The
first strategy involves isotropic filtering in which the correlation
weight decreases isotropically in space. It results not only in an at-
tenuation of the noise content but also of the reflector signal. Aniso-
tropic filtering is applied in the second case, in which the correlation
function decays more slowly in the horizontal direction. We see that
we not only have preserved some of the vertical high-wavenumber
detail, but we have also added artifacts caused by horizontal smearing
across the reflectors. The best result is obtained by aligning the true
local orientation of the reflectors through a change of the local co-
ordinate system ðx̂; ẑÞ by a rotation angle corresponding to the ex-
pected local dip. In other words, accounting for this dip information
requires an integration over the ellipse defined by the rotated window
lengths lx̂ and lẑ using equation 2 in the new coordinate system.

CORRELATION FILTERING VIA INVERSE
CORRELATION FUNCTIONS

For some correlation functions, such as the 1D Laplace function,

C1DLAP
ðx; x 0Þ ¼ 1

2L
e−

jx−x 0 j
L ; (4)

an analytical inverse correlation function exists. The Laplace cor-
relation function is commonly used as a low-pass filter, in which the
rate of decay is controlled by the correlation length L. Tarantola
(2005) highlights that the inverse of the 1D Laplace correlation
function is expressed as

C−11DLAP
ðx; x 0Þ ¼ L

�
1

L
δðx − x 0Þ − Lδ2ðx − x 0Þ

�
; (5)

where δðxÞ is a delta function in space and δ2ðxÞ is its second
derivative with respect to space. On a regular grid, this 1D inverse
correlation function can be discretized using finite-difference tech-
niques to build the discrete inverse correlation matrix C−1

LAP, using
the Neumann boundary conditions. Using a second-order centered
finite-difference stencil, we obtain a sparse matrix with only three
nonzero entries per row. Here, we propose using this roughening
operator to perform the correlation filtering by solving the sparse
linear system:

C−1
1DLAP

~u ¼ u; (6)

where u is the input raw vector and ~u is the output filtered vector, as
opposed to a standard approach in which C1DLAP

is used for discrete
convolution. Equation 6 can be efficiently solved using a conjugate
gradient algorithm, providing the same solution as equation 1. It is
important to note that our inverse correlation operator is stable as
long as the correlation parameter L is greater than the used finite-
difference grid increment. We find that the required number of iter-
ations to solve equation 6 increases linearly with L. These obser-
vations also hold for the 2D and 3D cases expressed later allowing
an effective and efficient strategy to perform filtering.
By adding two 1D inverse correlation functions, we build a 2D

inverse correlation function:

C−12DBES
ðx;z;x0;z0Þ¼Lx

2

�
1

Lx
δðx−x0Þ−Lxδ

2ðx−x0Þ
�

þLz

2

�
1

Lz
δðz−z0Þ−Lzδ

2ðz−z0Þ
�
; (7)

where Lx and Lz are the correlation lengths in the x- and z-direc-
tions. The 2D corresponding correlation function is the elementary
solution of the partial differential equation (PDE):

Figure 2. (a) An input seismic image, (b) seismic image filtered with isotropic correlation lengths, (c) filtered with anisotropic correlation
lengths along Cartesian coordinates, and (d) filtered with anisotropic correlation lengths aligned with the geologic dip. The approximate region
of the filter is shown by Ωl.
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C2DBES
ðx;zÞ−1

2

�
L2
x
∂2

∂x2
þL2

z
∂2

∂z2

�
C2DBES

ðx;zÞ¼δðx;zÞ; (8)

which corresponds to a modified Helmholtz equation when the cor-
relation lengths are constant. The solution of this PDE is the modi-
fied Bessel function of the second kind (Abramowitz and Stegun,
1972; Polyanin and Nazaikinskii, 2002). Therefore, through the
specific construction of the corresponding inverse operator, we pro-
pose a convolution as a Bessel filter. In practice, the function of
equation 7 can be discretized using the second-order centered finite-
difference technique, yielding a matrix with only five nonzero en-
tries per row. This 2D discrete scheme can also be rotated in space to
honor dip, totaling nine entries per row. We can even approximate
locally this discretization of the inverse operator with local values of
correlation lengths. The modified Helmholtz is no longer honored,
but smooth variations of correlation lengths lead to small artifacts in
the output solution.
The Bessel function does not exhibit the same decay as the Lap-

lace function; however, we find numerically the following relation:

C2DBES
ðC2DBES

uÞ ≈ C2DLAP
u: (9)

A filtering comparison of the left-hand side (LHS) and right-hand
side (RHS) in the above equation is shown in Figure 3.
If the number of iterations of the conjugate gradient solver re-

mains small, it appears that filtering with the LHS of equation 9,
through two linear system resolutions involving the discrete matrix
C−1
2DBES

, appears competitive with the RHS, which relies on win-
dowed convolution (equation 2), as shown in Table 1.

The same procedure can be applied in 3D, leading to

C−13DBES
ðx;y;z;x0;y0;z0Þ¼Lx

3

�
1

Lx
δðx−x0Þ−Lxδ

2ðx−x0Þ
�

þLy

3

�
1

Ly
δðy−y0Þ−Lyδ

2ðy−y0Þ
�

þLz

3

�
1

Lz
δðz−z0Þ−Lzδ

2ðz−z0Þ
�
: (10)

It can be shown that the correlation function associated with this in-
verse function is a 3D spherical Bessel function of the second kind
when correlation lengths are constant. The inverse function (equa-
tion 11) can be discretized using a centered second-order finite-differ-
ence technique, requiring seven nonzero entries per row. As in the

2D case, rotation can be applied to honor any dip
geometry, leading to 19 nonzero entries per row in
the linear system to be solved.
Again, we numerically find an approximate re-

lation:

C3DBES
½C3DBES

ðC3DBES
uÞ�≈ðC3DLAP

Þu; (11)

where C3DLAP
is the 3D Laplace correlation func-

tion. The demonstration of equations 9 and 11 is
covered numerically (Wellington, 2016) and al-
luded to analytically (see Tarantola, 2005, sec-
tion 7.23) but not discussed in detail in this paper.

Figure 3. (a) The input noisy seismic record. (b) Result filtered twice by solving the
linear system associated with the inverse Bessel function. (c) The input filtered with the
analytical Laplace correlation function.

a) b)

Figure 4. Computational cost comparison of filtering an arbitrary vector u of increasing size n. Different strategies are applied (blue, tensorized
filtering; red, truncated convolution; orange, using the inverse operator based approach) for (a) 2D and (b) 3D.
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DISCUSSION ON COMPUTATIONAL COST

The theoretical computational complexity of the different ap-
proaches is summarized in Table 1. From this table, we conclude
that all approaches except the standard convolution scale equiva-
lently from the theoretical point of view. Note that, from the most
efficient approaches, only the windowed convolution and the
inverse-operator-based approach allow for spatially varying dips
and correlation lengths.
To compare the practical efficiency of the approaches, we illus-

trate one application of the three most efficient methods using a
relatively small constant correlation length (equivalent to the dis-
tance between two points) in all orientations (isotropic filtering),
and without dip to apply a tensorized Gaussian filter. The size of
the model domain n is increased to assess the practical complexities.
The results of the computational performance are highlighted in
Figure 4. One first observation is that results of the practical appli-
cation match very well the theoretical complexity: The slopes in the
log-log scale match their expected dimension exponents. Second,
using linear system resolution implying our inverse operator of the
Bessel function allows us to filter the vector u several orders of
magnitude faster than the truncated convolution approach of equa-
tion 2. Indeed, numerical tests show that the number of iterations for
the convergence of the linear system scales approximately linearly
with the correlation length as the operator becomes less diagonally
dominant, meaning that the Niter factor remains relatively small.
Therefore, it implies a significantly lower coefficient for the leading
complexity term in the inverse operator strategy. This makes the
strategy attractive for large data sets and, in the presence of long
correlation length, with the added advantage of being able to in-
clude spatially variant dip, unlike the similarly efficient tensorized
approach.

CONCLUSION

Many practical applications of filtering can benefit from an aniso-
tropic correlation operator aligned with the geologic dip. We present
an efficient means of wavenumber filtering of images using corre-
lation functions. The 1D inverse Laplace correlation function is
used at the core of our design of sparse 2D and 3D inverse corre-
lation functions. The associated correlation function to these inverse
2D and 3D functions is shown to be modified Bessel and spherical
Bessel functions of the second kind. We find that, when applied
twice and three times in cascade, they accurately mimic the 2D and
3D Laplace filters, respectively. The application of the discretized
inverse correlation operator to a vector can be achieved efficiently
by solving a well-conditioned sparse linear system with a conjugate
gradient algorithm. Despite sharing the same leading order for their
computational complexities, using the inverse filter through linear
system resolution is far more efficient than conventional approaches
of windowed convolution, and it scales favorably to long correlation

lengths, large numbers of cells, and 3D applications. The practical
application of this filtering operator to FWI and further seismic ex-
amples is the focus of our ongoing work.
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