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SUMMARY

Full waveform inversion (FWI) is an ill-posed data-fitting
technique that can benefit significantly from preconditioning
and/or regularization. We propose to help constrain the FWI
problem by using the readily available, imperfect information
derived from seismic migration, namely the approximate po-
sition in space of the dominant seismic reflection events. A
2D Laplacian filtering framework is described that allows us
to modify the local wavenumber content of the FWI gradient
via non-stationary filtering. This workflow is applied to a 2D
synthetic dataset to highlight its effectiveness. The application
of the filtering adds little to no time to the FWI workflow and
should be extended straightforwardly to a 3D application.

INTRODUCTION

Full Waveform Inversion (FWI) is a powerful tool that allows
one to converge from an initial low wavenumber model of the
subsurface to a more complete and accurate high-wavenumber
representation (see Virieux and Operto, 2009, for a review).
FWI considers the entire time series to be interpreted based
on the two-way wave propagation. The FWI problem, as a
non-linear inverse problem, is an ill-posed problem taking into
account the fact that the acquisition geometry is generally lim-
ited to the near surface. For efficiency when considering least-
squares minimization, a local linearized optimization is con-
sidered starting from a sufficiently accurate initial model (Taran-
tola, 1987).

An efficient local optimisation approach performs FWI by min-
imizing the data cost function, Cd(m) using a Quasi-Newton
L-BFGS approach with the data gradient Gd(m) computed ef-
ficiently using the adjoint state method (Brossier et al., 2009).
Without regularisation, this approach will minimize the differ-
ence between the observed dobs and modeled data dcal ; how-
ever, due to the nature of wave propogation, the limited fre-
quency content, the presence of noise and/or illumination is-
sues, the image reconstruction may suffer from a large null
space.

Effective application of preconditioning and regularization tech-
niques can be powerful in narrowing the null-space contribu-
tion. Regularization terms based on velocity model constraints
(Asnaashari et al., 2012), regularization weights based on the
seismic image (Castellanos, 2014) or model-space precondi-
tioning based on prior knowledge of the local dip field (Guit-
ton et al., 2012) have shown promise in both synthetic and real
data examples. The approach we utilize here uses a precondi-
tioning filter on the FWI gradient with the parameters of the
filter designed from prior information.

METHODOLOGY

FWI acts as a data-fitting process where the model vector m
is iteratively updated so that the synthetically modelled data
dcal = d(m) matches the observed field data dobs. The full
waveform inversion typically minimizes the misfit function based
on the `2 norm of the differences (1).

C(m) =
1
2
||dcal −dobs||2. (1)

Starting from an initial model m0, we update a current model
mn at the iteration n with a pertubation model ∆mn to define
the new model mn+1 = mn +∆mn. In such a case we need
to look at the shape of the misfit function around the current
model mn (see Virieux and Operto, 2009, for an explanation).
The model perturbation is given by

∆m =−

∂ 2C(mn)

∂m2︸ ︷︷ ︸
Hessian=H


−1

∂C(mn)

∂m︸ ︷︷ ︸
Gradient=G

. (2)

The updated model mn+1 can then be expressed as

mn+1 = mn−αnH−1
n Gn. (3)

where the step length αn along the perturbation model vector
attempts to speed up the convergence. In our approach, we
calculate the gradient using the adjoint state method (Plessix,
2006) and converge to a solution using the quasi-newton LBFGS
method (Brossier et al., 2009).

Analytical Laplacian Smoother
A 2D analytical laplacian smoothing filter that smooths a point
(x,z) based on contributions away from the point at (x′,z′) is
defined (4) (where LX and LZ are correlation lengths in the
horizontal and vertical, directions given in meters).

S2D
(
x,z;x′z′

)
=

[
2

LX
exp−

|x−x′ |
LX

]
︸ ︷︷ ︸

SX (x,x′)

×
[

2
LZ

exp−
|z−z′ |

LZ

]
︸ ︷︷ ︸

SZ(z,z′)

. (4)

If we wish to discretize this filter to provide a smoothing frame-
work for each cell in the model space, we can define S2D =
SX SZ where LX and LZ become vectors that allow the corre-
lation length to change for each point in the model space. We
propose to perform the FWI workflow using this filter to pre-
condition the gradient G′ = S2DG. At low values of L, for
a given smoothing direction only the very high wavenumber
component will be attenuated. As the input values of L in-
crease, the smoother operator will act as a low-pass wavenum-
ber smoother. LX and LZ can vary smoothly in space and do
not have to be equal, allowing a powerful strategy for anisotropic,
non-stationary wavenumber filtering.

The operator S2D could be very large and banded with a similar
dimension to the Hessian operator and as such is never explic-
itly defined. We are interested in the application of S2D to our
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gradient vector G. It is equivalent to perform this operation
by splitting S2D into the horizontal and vertical components of
the smoothing operator through the expression

S2DG = SX (SZG) . (5)

By using this strategy we can then efficiently perform the non-
stationary smoothing operation with negligible CPU/memory
requirements (Algorithm 1).

Algorithm 1 Efficient application of S2D to G
1: I Input: The FWI Gradient, G with dimensions

(n×m) correlation length vectors LX and Lz with dimen-
sions (n×m) Where n is number of cells of the model
space in the vertical direction and m is the number of cells
in the models space in the horizontal direction.

2: for i = 1 to m do
3: for j = 1 to n do
4: Calculate current cell of temporary array G̃Z [ j, i] =

SZG at [ j, i] using LZ =LZ[ j, i] for points from G[ j−
4LZ , i]→G[ j+4LZ , i].

5: end for
6: end for
7: Define GZ = aG̃Z where a =

√
G̃T

Z G̃Z

GT G
8: for i = 1 to n do
9: for j = 1 to m do

10: Calculate current cell of temporary array G̃XZ [i, j] =
SX GZ at [i, j] using LX = LX [i, j] for points from
G[i, j−4LX ]→G[i, j+4LX ].

11: end for
12: end for

13: Define G′ = GXZ = bG̃XZ where b =

√
G̃T

XZ G̃XZ

GT
Z GZ

NUMERICAL EXAMPLE: 2D SYNTHETIC VALHALL
MODEL

We perform a test of the Laplacian smoother using a synthetic
model of the Valhall field (Figure 1). In this model there are
low-velocity gas saturated sands in the shallow section that
overly an anti-clinal oil reservoir structure that rests just below
2500m depth. The true model is discretized with a 25m grid
spacing and the initial model has been derived by applying a
375m gaussian slowness smoother to the true model. After
performing this smoothing, the high wavenumber content of
the model including the top and base of individual gas sands
is no longer evident. Frequency-domain full waveform inver-
sion has been applied to attempt to recover this missing high-
wavenumber content.
Our FWI strategy involves using a Bunks frequency sweep-
ing approach (Bunks et al., 1995) where we invert over 3 suc-
cessive frequency bands (4Hz→ 6Hz, then 4Hz→ 8Hz, then
4Hz→ 10Hz) with the inversion result from the previous band
serving as the input to the next band. The density model is cal-
culated using Gardner’s law. A fixed-spread acquisition is sim-
ulated with receivers every 50m and shots every 250m. Gaus-
sian white noise is added to the true modelled data in order to
increase the ill-posed nature of the inversion.
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Figure 1: True Vp model(LEFT) and Initial Vp Model
(RIGHT).

Prior Correlation Length Vectors
Seismic reflection events were interpreted from an RTM image
built using the initial velocity model. The euclidian distance
between a given point in the model space and the nearest in-
terpreted horizon pick is used to calculate a transition between
a low value of L which is used if the grid cell is at a horizon
point (75m) and a higher value used further away (1000m).
The transition between these two points is managed using a
Gaussian function to allow a slow transition between the two
extremes (Figure 2). In the case showed the LZ and LX models
were equivalent except the minimum value of LZ was made to
be 25m vs 75m for LX . This was deemed reasonable as much
of the layering in this example was horizontal and we wished
to preserve the vertical high-wavenumber content of the low
velocity sands.

Results
A comparison is made between the FWI inversion results with
no preconditioning, preconditioning using a constant value of
L (LX = LZ = 200m) and one using the variable L model
shown in Figure 2. At the first iteration of the inversion, there
are significant differences in the FWI gradient for each case
(Figure 3). When no preconditioning is applied, it is pos-
sible to see the high wavenumber velocity perturbations that
correspond to the gas sands. There is significant noise as we
move away from these gas sands. The noise amplitude is con-
stant, as such away from reflectors where the model should
be smooth, noise dominates the gradient. The second gradi-
ent image has been preconditioned using a constant value of
L. In this case, the noise has been attenuated, but so has been
the high wavenumber information that corresponds to the gas
sands. The optimal gradient comes from when one uses a large
value of L away from reflectors and a much smaller one near
the reflectors (as shown in the 3rd image).

The final inversion models (Figure 4) show similar character-
istics to what is seen in the gradient. When no preconditioning
is applied, details of the high wavenumber gas sands are im-
proved but there is also significant noise contaminating the fi-
nal model. The result obtained using the constant L value is an
inversion that is not contaminated by noise, but is without the
high-wavenumber detail of the gas sands. The optimal result
is obtained using the variable L preconditioner. This is also
shown from an extracted vertical trace (Figure 5).

SEG New Orleans Annual Meeting Page  1437

DOI  http://dx.doi.org/10.1190/segam2015-5905915.1© 2015 SEG



Figure 2: RTM Image with key horizons interpretted in red.
(TOP) The estimated LX (CENTER) and LZ (BOTTOM)
models. L were models built from horizon information inter-
pretted on the RTM image.

CONCLUSIONS

We have shown that, by preconditioning the FWI gradient by
non-stationary Laplacian filtering, it is possible to decrease the
null-space contribution. Our approach adds little to no compu-
tation time to the FWI workflow and could be scaled to 3D ap-
plications with ease. Future work could involve the automation
of the preconditioning workflow, tuning the preconditioner for
each individual frequency band and the inclusion of additional
discontinuities such as faults.
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Figure 3: Comparison of FWI Gradients at the first iteration:
No Preconditioning(TOP) Constant (200m) L Preconditioning
Result (CENTER) Variable L Preconditioning Result (BOT-
TOM).
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Figure 4: Comparison of Final Vp Inversion Results: No
Preconditioning(TOP) Constant (200m) L Preconditioning
Result(CENTER) Variable L Preconditioning Result (BOT-
TOM). The black line represents the extracted trace in Figure
5.

 0

 1000

 2000

 3000

 4000

 5000
 1000  4000

D
e
p

th
 (

m
)

Vp (m/s)

True Model 
Initial Model

No Preconditioning
Precond. Constant L
Precond. Variable L

Figure 5: Inversion extracted trace comparison.
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