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Summary 

 

Smoothing filters are extremely important tools in seismic imaging and especially in full waveform inversion. For 

complex geological structures with variable heterogeneities, these filters  should be able to incorporate 

efficiently geological prior information of the target medium, through coherent lengths and 3D orientation, 

which are expected to vary in space. In this study, we introduce a novel smoothing strategy based on the Bessel 

filter, for which we are able to design a highly efficient implementation. Its application is performed by solving 

the elliptic partial differential equation associated to its sparse inverse operator. The development of this 

equation in any discretization method  naturally yields a symmetric and well-conditioned linear system. We 

develop this smoothing strategy within an elastic spectral-element-based full-waveform-inversion framework. 

The associated linear system can be solved efficiently through a parallel conjugate-gradient algorithm, in which 

the matrix-vector product is factorized and optimized in a similar way as the one used for solving the 

elastodynamic system. By doing so, we avoid expensive explicit-windowed-convolution over the finite element 

mesh. The efficiency and the flexibility of the proposed smoothing method are illustrated through various  

schematic examples, and on a more realistic elastic full waveform inversion problem on the SEAM II benchmark 

model. 
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Introduction

Full Waveform Inversion (FWI) offers the possibility to extract high resolution estimations of the subsur-
face mechanical properties from seismic data. Finite element methods (FEMs) have become popular for
regional and global problems, especially spectral element method (SEM), where complex geometry can
be handled with accurate numerical calculation of wavefields (Komatitsch and Tromp, 1999). SEM can
also be an efficient alternative to finite difference for challenging land 3D elastic FWI exploration-scale
problems. Considering the high computational demand of 3D elastic FWI, we would like to develop an
efficient smoothing filter directly and efficiently implemented on the finite-element (FE) mesh.

FWI is introduced as an iterative local optimization problem, which is mathematically ill-posed. Thus,
we often need to stabilize the inversion by applying model-driven regularization or by preconditioning
the data gradient through smoothing operators (Tarantola, 2005). Dealing with geological complex
structures and with intensive computational cost of 3D elastic FWI further requires an efficient non-
stationary smoothing filter (Guitton et al., 2012) with variable filter parameters such as coherent lengths,
dip and azimuth angles. The application of such a complex filter can be computationally demanding,
particularly for FE meshes with deformed elements and non-regularly spaced degrees of freedom. In
this paper, we promote the application of a specific non-stationary filter through the use of its inverse
operator. This filter is defined as an integral smoothing filter, the kernel of which is a modified Bessel
functions BnD(x) (n = 2 or n = 3) (Abramowitz and Stegun, 1972). Instead of convolving the original
vector m(x) with the Bessel filter kernel to obtain the smoothed resulting vector s(x), we solve the
following equation relying on the inverse Bessel kernel

B−1
nD(x)∗ s(x) = m(x). (1)

This differential equation can be efficiently solved by FD method (Wellington, 2016) and equivalently
by a FE method. Applying twice the Bessel filtering provides an excellent approximation of the widely
used Laplace filter with a negligible mismatch at the center of the filter. A theoretical interpretation of
this approximation is presented in Trinh et al. (2017).

Definition of Bessel filter and the inverse operator

We introduce the 3D normalized Bessel kernel
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to be used for the smoothing convolution, where Lx, Ly and Lz are coherent lengths in x, y and z directions
and Kν is the modified Bessel function of the second kind. Readers can find the developments associated
to the 2D filter in Trinh et al. (2017). When the coherent lengths are uniform over space, Bessel kernel
is the unique solution of the following non-homogeneous elliptic partial differential equation (PDE)
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B3D(z,x,y) = δ (z,x,y), (3)

with radiative boundary conditions BnD(x)→ 0 as ‖x‖ → ∞, and the additional bounded constraint on
the integral through 0 <

∫
BnD(x)dx < ∞. According to the equation (3), the associated sparse inverse

of the Bessel filter can be expressed as the following distribution
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where the distribution δ n is defined through∫
δ

n(x− x′) f (x′)dx′ = (−1)n dn f (x)
dxn . (5)

Application of the filter through its inverse operator

The application of the inverse Bessel filter (eq. 4) on the smoothed vector s, in equation (1), can be
translated into the following PDE

s(z,x,y)−
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)
s(z,x,y) = m(z,x,y), (6)
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in which the original vector m(x) appears in the right hand side. Our approach is somehow similar to
the structure-oriented smoothing filter proposed by Williamson et al. (2011), which is derived from the
diffusion equation as proposed by Fehmers and Höcker (2003). This filtering process is controlled by a
symmetric diffusion-tensor, without knowing the kernel shape of the forward filter.

Following the weak formulation of FE method, the equation (6) naturally yields a symmetric, positive
definite and well-conditioned linear system

(M+K)s = Mm, (7)

in which the mass matrix M is diagonal because we consider a spectral-element approach, and the
stiffness matrix K is symmetric by definition. The left-hand-side matrix is therefore symmetric.

The most challenging step is the implementation of the non-stationary filter, because the symmetry of the
linear system might be lost due to spatial variations. We introduce the rotated dimensionless coordinates
system (ṽ, ũ, w̃) to overcome this issue by the following transformation

(z,x,y)
R3D(θ ,ϕ)−−−−−→ (v,u,w) Tr−→ (ṽ, ũ, w̃) where Tr : ṽ =

v
Lv

; ũ =
u
Lu

; w̃ =
v

Lw
. (8)

The transformation R3D(θ ,ϕ) is a 3D rotation with dip angle θ and azimuth angle ϕ . Under the as-
sumption of slow variation of filter parameters, their spatial derivatives can be neglected. Within this
approximation, performing the smoothing operation in the dimensionless system or in the Cartesian sys-
tem should provide approximately the same results. The weak formulation in reduced coordinates again
yields a symmetric, positive-definite and well-conditioned linear system, similar to the equation (7).

Optimized numerical implementation in a parallel scheme

The linear system associated with the Bessel filter in the equation (7) is solved by a parallel conjugate
gradient (CG) iterative solver, following the same domain-decomposition as the wave-simulation. Each
sub-domain performs its parts of the matrix-vector and vector-vector products independently. The ob-
tained vectors are spatially communicated to assemble the values on the sub-domain boundaries. This
process shares the same strategies as the one of wave simulation, requiring no extra effort to manage the
parallelism. The most expensive operator is the product of the sparse stiffness-matrix K with a given
vector u. This product can be factorized as

Ku = DwGDu, (9)

where the operator D estimates the spatial derivatives of the vector u in the reference space. The operator
G is the geometric matrix associated to the projection between physical space and reference space,
and the operator Dw is equivalent to a weighted spatial derivatives operator. It should be remarked
that, in SEM, numerical calculations are performed in the reference space of Gauss-Lobatto-Legendre
points (Komatitsch and Tromp, 1999). The spatial derivatives operators Du and the weighted derivatives
Dw
(
GDu

)
can be efficiently estimated by using highly efficient algorithms developed by Deville et al.

(2002), which take benefit from the optimizing cache usage and tensorial properties of SEM by manual
loop unrolling. Using this optimized implementation, each CG iteration costs about 0.46 times a time-
step of wave propagation for deformed elements.

Results

Applying twice the Bessel filter provides an excellent approximation of the Laplace filter for homoge-
neous coherent lengths, with a negligible singularity at the origin, as shown in Figure 1A. Under the
slow variation of filter parameters in Figure 1B, our method can still correctly follow the shape of the
Laplace filter.

The stopping criteria for CG solver is 10−6 for the relative numerical error. Figure 2A indicates that, for
a given model, the number of iterations required for solving two linear systems increases linearly with
values of the coherent lengths (O(L1)). We also observe that, for a pre-defined filter, the total number
of iterations required for smoothing a model vector is independent of the model size (not shown here).
Figure 2B compares the computation cost of our approach with the 3D explicit convolution approach, as
performed in the SPECFEM open-source package over an effective sphere ΩαL with radius αL (Peter
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Figure 1 Comparison of the normalized Laplace filter with the application of two Bessel filters. Coherent
lengths Lx = Ly = 80m for both images. A - Lz = 80m. B - Variable Lz from 50m to 200m with ∂zLz = 0.1.

Figure 2 A - The total number of iterations (obtained from consecutively solving 2 linear systems as-
sociated with Bessel filter) on coherent lengths. The model contains 30× 106 degrees of freedom. B
- Comparison of the numerical performance of our method to the truncated explicit 3D convolution of
Laplace filter on a model consisting of 1.77×106 degrees of freedom.

et al., 2011). One should notice that the numerical cost of the 3D explicit convolution method is driven
by the number of points within this sphere, thus having O(L3) complexity . In this figure, the observed
numerical complexity of our method is O(L0.7), and O(L2.7) for explicit convolution.

The application of a non-stationary Laplace filter (approximated by Bessel filters) in elastic 3D FWI
on a sub-part of SEAM II benchmark is shown in Figure 3. A surface acquisition is used with a line
of 20 sources, the distance between two adjacent sources is 350 m. Receivers are mapping on the free
surface, the distance between two receivers being 12.5 m. A Ricker wavelet, centered at 3 Hz is used
as the source signal. The inversion process consists of 60 iterations, with LBFGS optimization method.
We invert for compressional and shear velocities, but only the results for shear wave are presented here.
Figure 3C and E clearly indicate that a simple median filter (3×3×3 degrees of freedom) is not sufficient
to stabilize the inversion. The inverted models are contaminated by acquisition footprint at nearsurface,
poor illumination (as seen in the two vertical edges) and numerical artifacts (horizontal oscillations)
in the deeper part. These issues are effectively attenuated by applying an anisotropic non-stationary
Laplace filter with coherent lengths Lz = 0.05λs and Lx = Ly = 0.15λs, where λs is the shear wavelength
at each spatial position, as presented in Figure 3D and F.

Conclusions

We promote the idea of applying the Bessel filter through its inverse operator, which is expected to be
a sparse operator. We introduce the Bessel kernel and the corresponding diffusion-like PDEs of the
associated kernel to be solved numerically in 2D and 3D geometries. The successive application of
two Bessel filters provides an excellent approximation of the Laplace operator, which offers the decay
of Laplace filter when needed. The PDE associated to Bessel filter can be discretized through a weak
formulation involving SEM, leading to a symmetric linear system in the case of stationary filter. The
symmetry of this system can be preserved under the assumption of smooth spatial variation of filter
parameters. When non-stationary filter is applied into a realistic FWI problem, it effectively removes
acquisition footprint, and further enhances the continuity of deeper structures.

We propose an efficient implementation of the application of the convolutional Bessel filter, where the
related linear system is solved with a parallel CG following the same domain-decomposition as the one
used for wave simulation. The linear system is well conditioned: the CG solver applied to this system
converges relatively fast. The number of iterations for convergence increases linearly with the coherent
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Figure 3 A - True Vs model. B - Initial Vs model. C - Inverted model obtained with body waves, with
a median filter over 3× 3× 3 degrees of freedom. D - Inverted model obtained with body waves, with
anisotropic non-stationary Laplace filter. E and F - Inverted models obtained respectively from C and
D, after enlarging the time-window to incorporate surface waves and underlying body wave.

lengths, whereas the number of elements in the medium and the rotational application of dip and azimuth
angles seem to have no influence on the convergence rate. The comparison with the windowed explicit
3D convolution method further highlights potential applications of our method on large problems for
FWI and migration. The method can be easily extended to other FE and FD techniques. This technique
will be used for future elastic 3D FWI on challenging land targets, in which we believe that the use of
preconditioning and/or regularization is indispensable.
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