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SUMMARY
For efficient frequency-domain full wave inversion (FWI), frequency-domain solutions of the wave-
equation are required. The wave equation can be solved by direct or iterative solvers in the frequency
domain or, alternatively, one can also use time domain integration until the stationary state has been
reached. These three strategies have the same time complexitities. Increasing the order of the finite
difference stencil may reduce the memory requirements and should optimize the use of available floating
point operations per second (flops) on modern computer platforms. Known drawbacks of direct solvers, as
poor scalability and significant in-core memory requirement, could be overcome by recent advances such
as block low-rank (BLR) approximation. Finally some new algorithm designs for iterative solvers have
shown interesting scalability and good convergence properties in heterogeneous media. We illustrate that a
parallel conjugate gradient (CARP-CG) is robust and scalable for 2D elastic equations, extendable to 3D
geometries. These recent breakthroughs could be integrated in the frequency-domain FWI workflows for
real applications.



Introduction

Full Waveform Inversion (FWI) is a seismic imaging method based on local optimization techniques
used to fit the seismic traces recorded for each shot (see the review Virieux and Operto (2009) for in-
stance). The misfit function can be expressed either in the time or frequency domains. Time-domain
has the advantage to allow selection of progressive time windows on data. If acquisition is sufficiently
dense, frequency-domain approach allows to reduce the data complexity by selecting only few frequen-
cies needed to sample the required model wavenumber spectrum. Both approaches are worth the atten-
tion as they may provide complementary strategies. In this study, we will focus on the frequency-domain
FWI strategy.

When considering frequency-domain FWI, one requires the frequency-domain solutions of the wave-
equation. One can consider directly the frequency-domain wave-equation, leading for each frequency
and each seismic source to solve a linear system. This resolution can be tackled either by direct solver
(Operto et al., 2007) or by iterative solver (Plessix, 2009). One can also use time-domain wave-equation
reaching the stationary state and Fourier transformed (Sirgue et al., 2007).

In this study, the three approaches will be reviewed and discussed with regard on recent developments,
and combined with high performance computing implications.

Time and frequency-domains wave-equation

It is known that a large part of FWI computation is related to the forward problem step. Considering the
general 3D elastic partial differential equations that represent wave propagation, we need to consider the
particle velocity vector vi and symmetrical stress tensor σi j at any point of the medium embedded into
a general vector u of nine components. In an heterogeneous anisotropic elastic media, the governing
equations are the equation of motion and the constitutive Hooke’s law. Density ρ and symmetrical stiff-
ness tensor ci jkl (having only 21 independent components) describe properties of the medium embedded
into m. The generic time-domain wave-equation can therefore be written as

∂tu(x, t)−N(m(x))H(∇)u(x, t) = s(x, t), (1)

where N(m) depends on physical properties only, H(∇) is related to spatial derivatives, s is the source
term, x is location and t is time. Solving equation (1) with a numerical method and waiting for steady
state allows to extract u(x,ω) for frequency ω by Fourier transform.

One can also consider the frequency-domain wave equation which turns out to be a linear system

B(x,ω)u(x,ω) = s(x,ω), (2)

where B is the so-called impedance matrix (Marfurt, 1984). Linear system (2) is large, sparse and
ill-conditioned and can be solved either with a direct or an iterative solver.

Theoretical complexities

Table 1 illustrates the theoretical complexity for computational time and memory for each of the three
strategies. This evaluation does not consider parallelism. Considering a whole seismic acquisition, the
three methods have the same time complexity, while direct solvers are more expensive for memory.

Time-domain modeling with explicit schemes

Solving equation (1) is generally achieved by an explicit time-marching algorithm. We choose here to
discretize the time-derivative by a 2nd order leap-frog scheme while the spatial derivatives are discretized
by a staggered-grid with 4th or 8th order Finite Difference (FD) schemes (Fornberg, 1988). CPML
(Komatitsch and Martin, 2007) absorbing layers are implemented on edges of the simulation box while
a flat free surface condition is considered on top.
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Method Time+FT Direct Iterative
Time complexity of seismic sources independant tasks - O(N6) -
Time complexity of seismic sources dependant tasks O(N4) O(N4) O(N4)

Time complexity for N2 seismic sources O(N6) O(N6) O(N6)
Memory complexity (single seismic source) O(N3) O(N4) O(N3)

Table 1 Time & memory theoretical complexities of the three modeling approaches, describing how the
time & memory costs scale to a 3D problem of size N3 (without considering parallelism).

It is obvious that the main bottleneck of time-marching algorithm is the available computing ressources
more than memory, and in particular how the implementation takes benefit of the floating point oper-
ations per second (flops) attainable on the execution platform. Figure 1 shows for example a roofline
model (Williams et al., 2009) of the efficiency of a 4th order scheme for a pressure kernel on an Intel
bi-socket Sandy Bridge Xeon E5-2680. Whatever the Operational Intensity (OI), the attainable flops is
under the red and blue lines. Our pressure kernel has been benchmarked at 19 Gflops when for its OI of
0.72, the attainable performance is 46.1 Gflops.

To increase the performance above the green line, vectorization has to be used. But one can see that the
green line is not attainable with this very low OI. Three ways to improve performance are conceivable:
maximizing in-core performance, minimizing traffic or maximizing bandwidth. This last point could
notably be tackled by increasing the order of the scheme. As it is shown by figure 1, higher 8th and 16th

order schemes would increase the OI, and thus the attainable Gflops.
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Figure 1Roofline model for a bi-socket Sandy Bridge

XeonE5-2680 and a pressure kernel algorithm. The x-axis

represents the OI, that is a ratio between the number of

additions-multiplications and the number of loads-stores (full

computing capabilities are reached for an OI of 10). The blue

line represents the peak flops in single precision with

balanced add/mul, the green line bounds the attainable flops

performance when there is no vectorization, and the red line

represents the boundary from the bandwidth between memory

and processor (benchmarked at 64Gb/s).

Frequency-domain modeling with direct solver

The equation (2) could be solved for each frequency using a LU decomposition. The LU factorization
is computationally expensive but it is performed only once since it is independent of the right-hand side
term (i.e. the number of sources). Then, we solve each seismic source by backward and forward substi-
tutions. Advances in development of massively-parallel sparse direct solvers based on the multi-frontal
approach (Duff et al., 1986) have made frequency-domain seismic modeling based on sparse direct
solver feasible to perform seismic modeling for FWI applications at different scales, in combination
with optimized compact FD stencil (Operto et al., 2007).

The two main drawbacks of direct solvers for large scale applications remain the poor scalability for
taking benefit on multi-node/multi-core architectures of large scale HPC plateforms, and the required
in-core memory size for factorization, which limits application to fat nodes with lots of memory.

However, recent advances using Hierarchically SemiSeparable (HSS) matrices (Wang et al., 2011) or
Block Low-Rank (BLR) approximation (Amestoy et al., 2012; Weisbecker et al., 2013) allow to miti-
gate these two limitations with an improved scalability, lower number of operations and lower memory
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requirements. Figure 2 shows how the BLR format allows to reduce the computational complexity of the
factorization compared to the Full-Rank (FR) for a Laplacian operator, close to the Helmholtz equation.

These developements, in combination of advances in HPC architecture including large memory nodes
with high-bandwith capabilities, should allow to tackle large size FWI projects in the near future.
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Frequency-domain modeling with iterative solver

Iterative solvers are generally based on Krylov subspace methods such as GMRES, BiCG(STAB) or
CGNR (Saad, 2003). Contrary to direct solvers, iterative solvers fully benefit from the sparsity of the
system, in terms of memory requirements and scalability, as only matrix-vector products are required.
However, these methods might present poor convergence properties or even fail to converge without
preconditioning. Complex Laplacian shifting and multigrid techniques have been proven efficient for
the Helmholtz equation (Erlangga and Nabben, 2008) as an appropriate preconditioning step.

The CARP-CG method transforms the original system into a symmetric positive semi-definite system by
cyclic row-projections. This system is efficiently solved with the conjugate gradient (CG) method. The
cyclic row-projection transformation can be seen as a purely algebraic preconditioning technique which
is versatile and easy to implement. The algorithm can be parallelized through a row-block decomposition
combined with component-averaging operations.

Recent studies have shown that the 2D and 3D Helmholtz equation in heterogeneous media can be solved
efficiently with CARP-CG (van Leeuwen et al., 2012; Gordon and Gordon, 2013). Moreover, Li et al.
(2014) show that the same technique is robust and scalable for the 2D elastic equation. Figure 3 shows
that the scalability is preserved especially at high frequencies for which the problem size is larger.

Conclusions

We have reviewed three modeling methods allowing to perform frequency-domain FWI. For each of
them, we pointed out recent developments that alleviate their respective computing issues. Now the
methods are mature enough to be compared for 3D realistic common cases and one can consider a
strategy bringing them to play alternately. However the issue of the scalabity to higher number of
processes remain for the direct and iterative solvers and thus how to leverage recent architectures such
as GPU and MIC with the two frequency-domain modeling methods is an open question.
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CARP-CG FOR ELASTODYNAMIC 2D EQUATIONS

Figure 3 CARP-CG solver. Left panel: scalability illustrated for different frequencies. The number of grid points
by wavelength is kept constant (the problem size increases with the frequency). Right panel: convergence history
for different frequencies. The results are obtained on the Marmousi 2 model with high Poisson ratio (σ = 0.4).
2D elastic wave-equation is discretized with a 2nd order staggered-grid FD scheme.
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