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ABSTRACT

Optimal transport distance has been recently promoted as a
tool to measure the discrepancy between observed and seismic
data within the full-waveform-inversion strategy. This high-
resolution seismic imaging method, based on a data-fitting
procedure, suffers from the nonconvexity of the standard least-
squares discrepancy measure, an issue commonly referred to as
cycle skipping. The convexity of the optimal transport distance
with respect to time shifts makes it a good candidate to provide
a more convex misfit function. However, the optimal transport
distance is defined only for the comparison of positive func-
tions, while seismic data are oscillatory. A review of the dif-
ferent attempts proposed in the literature to overcome this
difficulty is proposed. Their limitations are illustrated: Basically,
the proposed strategies are either not applicable to real data, or
they lose the convexity property of optimal transport. On this

basis, we introduce a novel strategy based on the interpretation
of the seismic data in the graph space. Each individual trace is
considered, after discretization, as a set of Dirac points in a 2D
space, where the amplitude becomes a geometric attribute of the
data. This ensures the positivity of the data, while preserving
the geometry of the signal. The differentiability of the misfit
function is obtained by approximating the Dirac distributions
through 2D Gaussian functions. The interest of this approach
is illustrated numerically by computing misfit-function maps in
schematic examples before moving to more realistic synthetic
full-waveform exercises, including the Marmousi model. The
better convexity of the graph-based optimal transport distance
is shown. On the Marmousi model, starting from a 1D linearly
increasing initial model, with data without low frequencies (no
energy less than 3 Hz), a meaningful estimation of the P-wave
velocity model is recovered, outperforming previously proposed
optimal-transport-based misfit functions.

INTRODUCTION

Full-waveform inversion (FWI) is a high-resolution seismic im-
aging technique. In its conventional formulation, it is based on the
least-squares minimization of the misfit between observed data and
data calculated through the solution of wave-propagation equations.
Compared with standard seismic imaging techniques, based on the
comparison of observables extracted from the data, such as arrival
times of seismic events in tomography, FWI aims at interpreting the
whole waveform. High-resolution quantitative estimations of sub-
surface mechanical properties, such as P- and S-wave velocities,
density, attenuation, and anisotropy parameters, are expected in the

limit of half the shortest propagated wavelength, following the stan-
dard diffraction tomography analysis (Devaney, 1982, 1984; Wu
and Toksöz, 1987; Sirgue, 2003).
FWI was introduced in the 1980s by Lailly (1983) and Tarantola

(1984). The development of high-performance-computing facilities
and broadband wide-azimuth seismic-acquisition devices have
made possible the successful application of this method to real data,
in 2D and 3D geometries, at exploration scale (Operto et al., 2006,
2015; Plessix and Perkins, 2010; Sirgue et al., 2010; Warner et al.,
2013; Vigh et al., 2014), and also for global and regional imaging
(Fichtner et al., 2010; Tape et al., 2010; Peter et al., 2011; Zhu et al.,
2012; Borisov et al., 2015; Bozdağ et al., 2016). Virieux et al.
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(2017) give a recent overview of methodological aspects of FWI
and its various applications.
The targeted broadband reconstruction of P- and S-wave

velocities through FWI requires the ability to recover not only their
high-wavenumber content but also their low- to intermediate-wave-
number content. Large- to intermediate-scale perturbations of these
parameters mainly influence the kinematics of the wave propagation,
affecting essentially the traveltimes of waves, i.e., shifting in time
seismic events (Jannane et al., 1989). However, the conventional
least-squares function used to measure pointwisely the discrepancy
between observed and synthetic data is not convex with respect to
these time shifts. Considering, for instance, two Ricker signals,
the least-squares misfit function between these two signals, depend-
ing on the time shift, exhibits a single global minimum and two local
minima. This phenomenon is commonly known as cycle skipping or
phase ambiguity (Virieux and Operto, 2009).
Should FWI rely on global optimization or semiglobal optimiza-

tion schemes, such as Monte Carlo (Jin and Madariaga, 1994; Sam-
bridge and Mosegaard, 2002), genetic algorithms (Sen and Stoffa,
1992; Jin and Madariaga, 1993; Aleardi and Mazzotti, 2016), sim-
ulating annealing (Kirkpatrick et al., 1983), or the covariance matrix
adaptation evolution strategy (Hansen, 2006), a dense enough
sampling of the misfit function would allow for detecting its global
minimum. However, real-data applications often involve the
reconstruction of hundreds of thousands of discrete parameters
in two dimensions, and hundreds of millions of discrete parameters
in three dimensions, which makes these strategies beyond current
and forthcoming computational capabilities (exascale machines).
Thus, FWI has to rely on local optimization schemes: A starting
model is updated following the descent directions. In this frame-
work, the nonconvexity of the misfit function is a critical issue. De-
pending on the quality of the starting model, local optimization
strategies might converge toward local minima, which may not
be geologically meaningful.
To prevent this issue using a least-squares distance, the initial

velocity model should predict the kinematics of main arrivals
within half-a-period range. The standard workflow for practical
applications of FWI thus consists first in designing an accurate start-
ing velocity model. This is performed mainly through traveltime
tomography strategies (for a review, see Nolet, 2008). At the explo-
ration scale, because of the limited offset range, reflection phases
mainly drive the velocity model building and provide information at
depth (Yilmaz, 1993), although combining different traveltimes im-
proves the sampling (Zhang et al., 1998; Huang and Bellefleur,
2012). Recent high-resolution tomography techniques known as
stereotomography (or slope tomography) can be used to increase the
resolution of this initial estimation (Billette and Lambaré, 1998;
Lambaré, 2008; Prieux et al., 2013; Tavakoli et al., 2017). Starting
from these velocity models, hierarchical FWI approaches are de-
signed, decomposing the data from low to high frequencies (Bunks
et al., 1995; Pratt, 1999), and possibly from short offset/short time
windows to large offset/large time windows, following layer-strip-
ping approaches (Shipp and Singh, 2002; Brossier et al., 2009;
Wang and Rao, 2009). Each subset of data is interpreted through
FWI, and the resulting velocity model serves as an initial model
for the interpretation of the next subset of data. The reason for these
hierarchical approaches is that, for low-frequency content and/or
short offset/short time windows, the number of propagated wave-
length is smaller, reducing the cycle-skipping ambiguity. This strat-

egy works in practice; however, it requires access to low-frequency
information rarely available for exploration-scale seismic data. In
addition, a careful analysis of the data is required to select the part
to be inverted at each level of the hierarchical strategy, which might
appear in contradiction with the fundamental purpose of FWI to
avoid any prior interpretation, potentially misleading.
Recognizing the inadequacy of the least-squares distance to cor-

rectly interpret the time shifts, modifications of the misfit function
have been proposed. Crosscorrelation (Tape et al., 2010), as well as
instantaneous envelope, coupled with time-windowing techniques
(Fichtner et al., 2008; Bozdağ et al., 2011), are popular choices in
global- and regional-scale FWI applications. At the exploration
scale, the crosscorrelation technique was proposed by Luo and
Schuster (1991) to automatically compute the time shift between
seismic traces. The FWI problem is then posed either as the min-
imization of the time shifts, or as the penalization of the time shifts
away from zero, within a certain time window (van Leeuwen
and Mulder, 2010). In both cases, capturing time shifts through
crosscorrelation relies on the assumption of well-separated arrivals,
which requires a careful time-window selection; this can be quite
challenging for complex multiarrival real data. Another approach
consists of computing matching filters for each trace through a lin-
ear deconvolution (Luo and Sava, 2011; Warner and Guasch, 2016).
The misfit function consists of the penalization of the filter away
from a delta function at zero lag. All these approaches promote
the direct interpretation of the kinematic attribute of the data, in-
stead of the amplitude. Although these methods enlarge the basin
of attraction of the global minimum, relaxing in some way the
dependency on the accuracy of the initial model, they can still suffer
from cycle skipping, and also from a loss of resolution. The design
of adequate penalization functions might also be problematic, due
to the high sensitivity of the resulting misfit function to this design
(Pladys et al., 2017).
Another class of methods, referred to as extended-domain tech-

niques, are based on a scale separation of the model: The velocity is
decomposed as a sum of a smooth part containing the low-wave-
number information (the background velocity) and a reflectivity
part containing the high-wavenumber content. Reflectivity hyper-
cubes are constructed through the introduction of one or several
redundant parameters in the imaging condition, such as the source
position or surface offset (Symes and Kern, 1994), subsurface offset
(Shen et al., 2003), time lag (Sava and Fomel, 2006), or common
illumination angle (Biondi and Symes, 2004). The misfit function is
defined as the minimization of variations of the hypercube along
these artificial dimensions: The correct background velocity should
yield a unique image with zero contribution along these added di-
mensions (for a review, see Symes, 2008). Although quite appeal-
ing, these strategies suffer from a rather high computational cost
associated with the repeated construction of high-resolution images
in this extended space.
In this paper, we focus on alternative strategies, based on misfit-

function modifications linked to warping techniques. The leading
idea is a comparison of data using warping tools, which aims at
computing mappings between synthetic and observed data. A first
instance is the dynamic warping strategy, introduced by Hale
(2013), where local time shifts between synthetic and observed
traces are computed based on a spatial lateral coherence. Ma and
Hale (2013) propose to minimize these time shifts using a standard
least-squares misfit function. Compared with crosscorrelation tech-
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niques based only on time information, the estimation of the time
shift is more robust, especially when their variations are fast. Sim-
ilar ideas are presented by Baek et al. (2014) and Zhu (2017), where
a warping tool (called a registration tool) is used to modify the syn-
thetic data to get sufficiently close to the observed data to avoid
falling within a local minimum. Although these warping techniques
are based on the assumption that the observed data can be obtained
from locally stretching and squeezing in time the synthetic data, a
more systematic way of performing this warping is provided by the
optimal transport theory. The mapping between the two functions to
be compared is the one that minimizes the sum of the elementary
displacements required to map the two functions. When considering
time signals, this should yield a convex function with respect to
time shifts: The optimal transport effort required to map the data
should increase as the time shift increases (Engquist and Froese,
2014). Optimal transport could also consider transport along spatial
directions (i.e., receiver locations in a shot-gather representation),
although we shall mainly consider in this paper the time axis for
better understanding how optimal transport is working.
Although the idea is appealing, the application of optimal transport

to FWI is not straightforward, mainly because of the nonpositivity of
the seismic data: optimal transport is a mathematical theory devel-
oped in the frame of probability distributions; hence, it is applicable
to positive functions only. Qiu et al. (2017) and Yang and Engquist
(2017) propose several preprocessing of the data to bring the problem
back to the comparison of positive quantities. An alternative
formulation, based on a dual form of the optimal transport problem,
has been proposed byMétivier et al. (2016a, 2016b, 2016c). The case
studies presented in these papers show promising results. In particu-
lar, the dependence on the accuracy of the initial velocity model is
relaxed compared with the conventional least-squares misfit function.
However, both strategies (data preprocessing and the dual optimal
transport problem) have important drawbacks. Some of the proposed
preprocessings are not fully adapted to real-data applications,
whereas the others, as well as the dual optimal transport strategy, lose
the convexity with respect to time shifts.
From our perspective, this latter feature is a severe drawback

because the main interest for using optimal transport is lost. The
purpose of this study is to analyze, explain, and illustrate these prop-
ositions for the application of optimal transport to oscillatory seis-
mic signals: The outcome is a possible remedy to the convexity loss
issue. The related strategy consists of comparing not the data itself
through optimal transport, but the graph of the data, following ideas
proposed by Thorpe et al. (2016). Usually, a seismic trace is con-
sidered as a 1D function of time, with a given sampling rate. After
discretization, a seismic trace is thus a 1D vector of values dn regu-
larly sampled in time: Each value is associated with the amplitude of
the seismic signal at a given time step tn defining a point ðtn; dnÞ.
Consequently, the 1D seismic trace can be considered as a cloud of
points in a 2D space, namely, the graph space, where one dimension
corresponds to the time axis and the other corresponds to
the amplitude axis. Computing the optimal transport distance in
the graph space thus amounts to computing the optimal transport
distance between observed and synthetic point clouds, in a fully
combinatory search. This has the following three advantages:

1) Mathematically, the distance between the synthetic and the ob-
served trace amounts to the comparison of two sets containing
the same number of Dirac distributions (assuming that the time-
sampling rate is the same for each trace, which is easy to satisfy

in practice). The optimal transport problem is thus well-posed
because we compare the same number of positive quantities
(Dirac values).

2) The geometry of the signal is preserved: No data preprocessing is
used to modify it; therefore, the convexity of the misfit function
with respect to time shifts is ensured. In other words, the ampli-
tude of the signal becomes a geometric attribute of the trans-
formed data and no information should be lost in this process.

3) No prior assumption on the number of seismic events/arrivals is
required: The number of seismic events in the calculated data and
the observed data might differ. This is not the case for the more
standard warping strategies mentioned above.

Of course, this comes at a price: For each 1D seismic trace, a 2D
transport problem has to be solved. If the method is applied to full
seismograms, a 3D transport problem would have to be solved
(even a 4D problem if the whole data cube is taken into account
for a 3D imaging problem). Solving these multidimensional optimal
transport problems is computationally expensive and remains a
challenge.
In this study, we present promising results in a 2D time-domain

acoustic FWI configuration by mapping 1D seismic traces through
optimal transport based on the graph space (OT-GS). We aim to
illustrate the potentiality of this approach through the investigation
of synthetic examples of increasing complexity. In particular, we
show that we are able to improve the convexity of the misfit func-
tion, with a preserved sensitivity to large time shifts, which makes
this approach suitable to mitigate cycle-skipping problems. On the
Marmousi 2 experiment, starting from a 1D model, using data miss-
ing low-frequency content, we are able to converge toward a mean-
ingful P-wave velocity estimation, whereas the optimal transport
strategy based on the Kantorovich-Rubinstein (KR) distance we
presented in Métivier et al. (2016a, 2016b, 2016c) does not succeed.

The numerical implementation that is used in this study relies on
the solution, for each trace of the data, of a 2D optimal transport
problem in the graph space, using the numerical strategy we devel-
oped in Métivier et al. (2016a, 2016b, 2016c). It implies an impor-
tant computational cost increase, which can be mitigated through a
decimation of the signal. On the Marmousi experiment, we end
up with a computational cost increase of a factor 5.8 for a gradient
computation compared with a conventional least-squares approach.
However, this factor should be reduced through the use of other
optimal transport numerical solvers, such as the ones based on the
entropic regularization (Benamou et al., 2015) or the so-called mul-
tiscale approach (Mérigot, 2011). This will be the matter of further
studies. In this paper, we illustrate the advantageous properties of
the graph-transform approach, providing motivation for actively
searching how to overcome the cost increase.
The structure of the study is as follows. First, after defining op-

timal transport, we give a review of the current strategies setup of
optimal transport on oscillatory seismic data. In particular, we illus-
trate why these strategies may not be easily adapted to real-data
applications, or end up losing the main interesting property of op-
timal transport: the sensitivity with respect to time shifts. Next, we
introduce the graph-space strategy, and we present why it is fully
compatible with the FWI framework. Numerically illustrative sim-
ple experiments are then presented to emphasize limits and interests
of this approach. These results are further analyzed and discussed
for a better understanding of how to account for the amplitude in-
formation and how this graph approach is sensitive to the noise
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level. Finally, conclusions and perspectives for future investigation,
such as reducing the computational complexity, are drawn.

APPLYING OPTIMAL TRANSPORT TO FWI:
A REVIEW OF EXISTING STRATEGIES

The optimal transport definition is summarized, and different
strategies set up to adapt it to the comparison of oscillatory data
are reviewed and compared.

Generalities on optimal transport

Optimal transport, despite its introduction more than two centu-
ries ago by the mathematician G. Monge (Monge, 1781), is a very
active field of research in mathematics, as demonstrated by the
number of recently published books dedicated to this topic (Ambro-
sio et al., 2008; Villani, 2008; Santambrogio, 2015). Beyond theo-
retical results in mathematical analysis that have been obtained
using optimal transport tools, the number of numerical applications
in image processing, and more recently in seismic imaging, is rap-
idly increasing. Here, we give a quick overview of the definition of
optimal transport based on Kantorovich (1942) relaxation.
Let fðxÞ and gðxÞ be two positive functions defined on X ⊂ Rd,

where d ¼ 1; 2; 3; ::. is the dimension of X, satisfying the mass con-
servation assumption

Z
X
fðxÞdx ¼

Z
X
gðxÞdx: (1)

The p-Wasserstein distance (i.e., the optimal transport distance)
between f and g is defined by

Wpðf;gÞ¼
�

min
γ∈Πðf;gÞ

Z
X×X

γðx;x0Þkx−x0kpdxdx0
�

1∕p
; (2)

where Πðf; gÞ denotes the set of transport plans γðx; x 0Þ such that

Πðf;gÞ¼
�
γðx;x0Þ;

Z
X
γðx;x0Þdx0 ¼fðxÞ;

Z
X
γðx;x0Þdx¼gðx0Þ

�
; (3)

and p is a given integer (often chosen as p ¼ 1 or 2). Intuitively, f
and g can be seen as two distributions of masses, where each entry
fðxÞ (respectively gðxÞ) indicates how much mass is present at
position x. The set Πðf; gÞ contains all the transport plans γðx; x 0Þ
which tell, for each couple ðx; x 0Þ, how much quantity fðxÞ at
position x should be moved to the position x 0 to entirely map the
distribution of mass f onto the distribution of mass g.
There are infinite such transport plans γ. Solving the linear pro-

gramming problem in equation 2 amounts to finding the one that
minimizes the “effort” required to map f onto g. This effort corre-
sponds to a cost function, which is equal, for each couple ðx; x 0Þ, to
the amount of mass, which has to be transported γðx; x 0Þ, multiplied
by a power of the distance kx − x 0kp along which this mass is trans-
ported. The distance k:k, called the ground distance, is usually
based on the Euclidean norm k:k of Rd; however, any suitable dis-
tance on Rd can be used in practice. Following this interpretation,

one can see that if the distribution f is being shifted from the dis-
tribution g by a local shift Δx such that

fðxÞ ¼ gðx − ΔxÞ; (4)

one can expect that the optimal transportation cost depends mono-
tonically on the shift Δx. Increasing Δx results in an increase of
this optimal transport effort, whereas decreasing Δx decreases it.
This monotonicity with respect to the shift Δx is the main reason
that the optimal transport distance has attracted interest in the im-
age-processing community because it confers the ability to better
recognize similar patterns between images. In spite of the FWI com-
putational cost, it has attracted attention in the FWI community be-
cause the convexity to time/space shifts can be seen as a proxy of
the convexity with respect to wave velocities (Jannane et al., 1989).

Optimal transport applied to seismic data

We now consider the application of optimal transport to seismic
data. In the simplest case, the seismic data are a seismic trace, i.e.,
an explicit function of time. The space X is thus the time axis in this
context. The mass conservation assumption is satisfied by seismic
data. Indeed, for a given seismic trace dðtÞ, the total amount of mass
translates into an integration over the recording time window T

Z
T

0

dðtÞdt: (5)

This corresponds to the zero-frequency content of the signal, which
is equal to zero in practice. However, seismic data are oscillatory:
The positivity assumption breaks down. This prevents from the di-
rect application of optimal transport to seismic data.
Here, we review and compare the strategies that have been set up

to adapt optimal transport to the comparison of seismic data. To this
purpose, we focus on the simple Ricker comparison experiment
proposed by Engquist and Froese (2014). Two shifted in time
Ricker signals, denoted by dobsðtÞ (playing the role of observed
data) and dcalðt; sÞ (playing the role of calculated data) are intro-
duced, such that

dcalðt; sÞ ¼ dobsðt − sÞ; (6)

where the quantity s ∈ R is the time shift.
Each strategy amounts to extract positive quantities from dobs and

dcal, or to transform dobs and dcal into positive quantities, which are
further compared using an optimal-transport-based misfit function
we introduce as CðsÞ. We discuss the advantages and drawbacks of
considering these strategies: The corresponding misfit function
CðsÞ is analyzed for better understanding the impact on the convex-
ity with respect to the time shift s. The misfit functions are based
on the two-Wasserstein distance W2. The algorithm used to com-
pute this distance in the 1D case is described in Appendix A: In this
simple case, an analytical expression is available (Villani, 2003;
Engquist et al., 2016).
The first strategy has been proposed by Engquist and Froese

(2014): separately comparing the positive and negative parts of the
data using an optimal transport distance (Figure 1a). We introduce
the positive and negative part operators :þ and :− as
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dþobs ¼
jdobsj þ dobs

2
; d−obs ¼

jdobsj − dobs
2

: (7)

The corresponding misfit function is

CðsÞ ¼ W2ðdþobs; dþcalÞ þW2ðd−obs; d−calÞ: (8)

This strategy ensures the convexity of CðsÞ (Figure 2, dotted black
line). However, it faces the following difficulties:

1) The mass conservation is no more satisfied. For the Ricker
experiment presented here, this is the case but this cannot be
guaranteed for real-data applications: Nothing guarantees that
the positive part (respectively the negative
part) of the observed data has the same total
mass as the positive part (respectively the
negative part) of the calculated data, espe-
cially if the number of events in confronted
traces is not the same or in case of amplitude
mismatch.

2) Separating positive and negative parts is not a
differentiable operation, which would lead to
the definition of a nondifferentiable function,
making the use of local optimization tech-
niques to find its minimum impossible.

3) For real-data applications, a phase rotation in
the source estimation would lead to misinter-
preting positive values of the observed data
as negative values and vice versa.

For the next possibilities presented here, the
misfit function CðsÞ can be written as

CðsÞ ¼ W2ð ~dobs; ~dcalðsÞÞ; (9)

where ~dobs and ~dcalðsÞ are obtained from dobs and
dcal from various transformations. Yang and Eng-
quist (2017) propose to apply an affine scaling to
the data, such that

~dobsðtÞ ¼ adobsðtÞ þ b;

~dcalðt; sÞ ¼ adcalðt; sÞ þ b; (10)

with b > 0 chosen sufficiently large so that
~dobsðtÞ and ~dcalðtÞ are positive. This is illustrated
in Figure 1b. This strategy is straightforward
and ensures the mass conservation. However, it
affects the convexity of CðsÞ with respect to the
time shift s, as can be seen in Figure 2 (solid red
line). The shape of the misfit function resembles
the one of the least-squares misfit function, with
a wider valley of attraction and with two flat local
minima aside the global minimum. The intuitive
interpretation of the optimal transport distance
given previously can help us to understand why
the convexity is lost. Indeed, adding a constant b
to the data amounts to artificially creating mass at
each point. Mapping the two signals through an

optimal transport strategy thus can be performed through local mass
displacement instead of having translational exchanges between the
initial and target signals along the time axis. This implies a loss of
sensitivity to the time shift and therefore the loss of convexity of the
misfit function CðsÞ.

Another possibility is proposed by Qiu et al. (2017), who suggest
transforming the data using an exponential function, as illustrated in
Figure 1c. In this case, we have

~dobsðtÞ ¼ α exp αdobsðtÞ;
~dcalðt; sÞ ¼ α exp αdcalðt; sÞ; (11)

Figure 1. Illustration of conventional strategies to mitigate the nonpositivity issue in
optimal transport. The Ricker in the solid black line should be interpreted as the ob-
served signal, whereas the Ricker in the dotted red line should correspond to the calcu-
lated signal to which it is compared. (a) The strategy consists in interpreting separately
the positive and negative parts of the two Ricker signals. (b) The strategy consists of
adding a constant to the two signals rendering them positive. (c) The strategy consists of
considering the exponent of the two signals. (d) The strategy uses a decomposition/
recomposition of the two signals based on their positive and negative parts following
the approach proposed by Mainini (2012).

A graph-space OT distance for FWI R519



with a positive constant α. The shape of the corresponding misfit
function CðsÞ is presented in Figure 2, with α ¼ 1 (the solid blue
line). A single minimum is recovered, and the sensitivity to large
time shifts is maintained. However, this strategy faces some diffi-
culties:

1) The exponential transform does not provide the same influence
to positive values (high positive values) with respect to negative
values (small positive values). This issue could be mitigated
through the use of a symmetric transform of the form ~dðtÞ ¼
α exp αdðtÞ þ α exp−αdðtÞ.

2) The mass conservation assumption is not satisfied. Nothing
guarantees that the integral of the exponential of two functions
is the same when the integral of the two functions is the same.

3) The exponential transform modifies the amplitude ratio between
large amplitude events (direct and diving waves) and smaller
amplitude events (reflections for instance).

The latter could result in neglecting reflected events, for instance a
severe loss of information, or to bias the phase information.
Another, more systematic approach, originally proposed in the

mathematical community by Ambrosio et al. (2011) and Mainini
(2012), relies on a particular decomposition/recomposition of the
data. This amounts to consider a new observed data and a new
synthetic data provided by the following expressions:

~dobsðtÞ ¼ dþobsðtÞ þ d−calðtÞ; ~dcalðtÞ ¼ dþcalðtÞ þ d−obsðtÞ; (12)

as illustrated in Figure 1d. By construction, ~dobs and ~dcal are positive
and they satisfy the mass conservation assumption. However, as can
be seen in Figure 3 (the solid purple line), this modification of the
data results in a loss of convexity of the corresponding misfit func-
tion CðsÞ. A single minimum at zero time shift s ¼ 0 is recovered,
with a valley of attraction as wide as the one obtained using the
affine scaling strategy. However, the sensitivity to larger time shifts
quickly reaches a plateau. This loss of sensitivity can be understood
from the data decomposition illustrated in Figure 1d. One can see
that this strategy actually amounts to compute the optimal transport

distance between the positive and the negative parts of dobs − dcal,
the standard L2 residuals. As soon as these residuals do not overlap
in time, the effort to map their positive part to their negative part
does not depend on the time shift. Another drawback of this strategy
is that it is based on a decomposition of the data in its positive and
negative parts: Again, this would lead to the definition of a nondif-
ferentiable misfit function; therefore, it would be impossible to min-
imize through local optimization techniques.
Finally, in previous studies (Métivier et al., 2016a, 2016b,

2016c), we have developed a method based on the dual of the one-
Wasserstein distance, seemingly uncorrelated with the previously
mentioned strategies. The motivation for focusing on this distance
was twofold:

1) The dual one-Wasserstein distance can be computed for data
with negative values. Indeed, the one-Wasserstein distance
has a specific dual form, which is a particular instance of the
KR norm, defined on the space of signed measures (Boga-
chev, 2007; Lellmann et al., 2014). In the following, we refer
to this distance as the KR distance.

2) We were able to design a fast algorithm for the computation
of the KR distance not only for trace-by-trace comparison
but also for 2D and 3D full seismograms. Current implemen-
tations of the two-Wasserstein metric in the framework of
FWI do not seem to provide this possibility.

We can show that this strategy is equivalent to the strategy
proposed by Mainini (2012) in the case of the one-Wasserstein
distance. A demonstration of this proposition is presented in Appen-
dix B. The main difference in this case is that the Mainini decom-
position becomes implicit. Therefore, no explicit decomposition
and recomposition of the data using their positive and negative parts
is required, yielding a differentiable misfit function, usable in the
FWI framework. The shape of the function CðsÞ using the KRmisfit
distance is quite similar to the one obtained through the two-Was-
serstein distance with the Mainini decomposition, as can be seen in
Figure 3 (solid black line).
In light of this comparison, the KR distance appears to us as,

somehow, the most suitable for FWI applications, among the differ-
ent propositions reviewed here. The corresponding misfit function
is differentiable; it exhibits a single minimum for the Ricker exam-

Figure 2. Misfit function between the observed and calculated
Ricker signals depending on the time shift, following conventional
strategies to mitigate nonpositivity. All of the misfit functions are
computed using the two-Wasserstein distance for these examples.
The convex curve in the dotted black line corresponds to the pos-
itive/negative part separation. The solid red line corresponds to the
affine scaling strategy (addition of a constant). The solid blue line
corresponds to the exponentiation strategy with the two-Wasserstein
distance. As a reference, the curve in the dotted gray line corre-
sponds to the L2 misfit function.

Figure 3. Misfit function between observed and calculated Ricker
signals depending on the time shift. The solid purple line corre-
sponds to the Mainini strategy with the two-Wasserstein distance.
The solid black line corresponds to the Mainini strategy using the
one-Wasserstein distance, i.e., the KR distance between observed
and synthetic Ricker. As a reference, the curve in the dotted gray
line corresponds to the L2 misfit function.
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ple (this is not the case when using the affine scaling strategy), and
the relative amplitudes of the different arrival are not distorted
through a nonlinear transformation of the data. The possibility to
compare simultaneously entire 2D and 3D shot gathers following
the numerical strategy that we introduced in Métivier et al. (2016b,
2016c) is also an important advantage.
Despite these interesting properties, this strategy still loses the

convexity with respect to time shifts. In this study, we try to over-
come this issue by another transformation of the data, prior to data
comparison. This transformation is based on a very simple idea:
Instead of applying transport to seismic data as functions of time,
the graph of seismic traces could be used.

A GRAPH-TRANSFORMED-BASED OPTIMAL
TRANSPORT DISTANCE FOR FWI

The graph formulation is described as well as its adaptation to the
FWI approach and its numerical implementation.

Principle: From a discrete signal to a sum of Dirac
distributions

We consider a seismic trace dðtÞ, defined as a function on the
time interval ½0; T�. After discretization, the seismic trace becomes
a real vector d ∈ RN, where N ∈ N is the number of discrete time
samples. The discrete graph of d is defined as the set of N points
fðtn; dnÞ ∈ R2; n ¼ 1; : : : ; Ng. Based on this implicit discrete def-
inition of the seismic trace, the following graph transformation G is
introduced, such that

G∶d → GðdÞ ¼ dGðx; tÞ;
RN → D 0ðR2Þ; (13)

with

dGðx; tÞ ¼ 1

N

XN
n¼1

δðt − tnÞδðx − dnÞ; (14)

where D 0ðR2Þ denotes the space of distributions on R2 and δ is the
Dirac delta distribution. The transformation thus implies that, from
a discretized trace, a distribution is built that is a sum of N Dirac
distributions in a 2D space, where one dimension (t) is associated
with time and the other ðxÞ is associated with amplitude.
Considering two discrete traces dobs ∈ RN and dcal ∈ RN , we

are interested in measuring the optimal transport distance
WpðdGobs; dGcalÞ in the space D 0ðR2Þ. The positivity assumption is
satisfied because the distributions dGobs and dGcal can take only the
values 0 and 1∕N. Provided the time sampling of dobs and dcal is
the same (the same number of discrete values N), their respective
total mass is equal to one by definition. For a given d ∈ RN , the
integral

Z
x

Z
t
dGðt;xÞdxdt¼ 1

N

XN
n¼1

Z
x

Z
t
δðt−tnÞδðx−dnÞdxdt¼1

(15)

tells that the mass conservation assumption is verified.

Practical approach for a differentiable misfit function

The above approach is appealing; however, because it relies on
the definition of Dirac distributions, the operator G is not differen-
tiable. Building a misfit function upon this operator would thus lead
again to a nondifferentiability issue.
For this reason, the following smooth version of the graph trans-

form is introduced, based on the approximation of the Dirac distri-
bution through Gaussian functions. Considering again a discretized
seismic trace d ∈ RN , the smooth graph transform Gσ is defined as

Gσ∶d → GσðdÞ ¼ dGσ ðx; tÞ;
RN → C∞ðR2;Rþ� Þ; (16)

with

dGσ ðx;tÞ¼ 1

2πσxσtN

XN
n¼1

exp

�
−
ðt−tnÞ2
2σ2t

�
exp

�
−
ðx−dnÞ2

2σ2x

�
;

(17)

where σ ¼ ðσt; σxÞwith quantities ðσt; σxÞ are user-defined constant
scaling parameters, and C∞ðR;Rþ� Þ is the set of strictly positive
functions of (R), which are infinitely differentiable. This smooth
version of the graph transform G preserves the positivity, as well
as the mass conservation: The total mass of the transformed signal
dGσ is equal to one. Indeed, we have, for a given d ∈ RN

Z
t

Z
x
dGσ ðx; tÞdxdt ¼ 1

2πσxσtN

XN
n¼1

Z
t

Z
x
exp

�
−
ðt − tnÞ2
2σ2t

�
exp

�
−
ðx − dnÞ2

2σ2x

�
¼ 1:

(18)

Adaptation to the FWI framework and gradient
computation

Considering Ns seismic sources and Nr receivers, a FWI data set
is composed of Ns × Nr seismic traces. We denote the observed and
calculated traces dobs;s;rðtÞ and dcal;s;rðtÞ, respectively. We formulate
the following FWI problem:

min
m

fðmÞ ¼
XNs

s¼1

XNr

r¼1

WpðGσðdobs;s;rÞ;Gσðdcal;s;r½m�ÞÞ; (19)

where the synthetic traces dcal;s;r½m� for the source s are extracted
from the wavefield usðx; tÞ at the receiver location xr through the
operation

dcal;s;r½m�ðtÞ ¼ Rrus½m� ¼ us½m�ðxr; tÞ; (20)

with the extraction operator Rr, whereas the solution us½m� of a
wave-propagation problem is denoted in compact form as

AðmÞusðx; tÞ ¼ bsðx; tÞ: (21)

In equation 21, the operator AðmÞ stands for any differential oper-
ator representing the wave propagation within the subsurface.
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As mentioned above, we compute the gradient of the misfit func-
tion fðmÞ using the adjoint-state strategy (Plessix, 2006). Following
this method, the standard result states that the gradient ∇fðmÞ is
given by the sum of the correlations between the incident us½m�
and the adjoint wavefields λs½m�

XNs

s¼1

�
∂A
∂m

us½m�ðx; tÞ; λs½m�ðx; tÞ
�
; (22)

where ð:; :Þ denotes a scalar product in the wavefield space. The
adjoint wavefields λs½m�ðx; tÞ are solution of the backprojection
equation:

AðmÞ†λs ¼
XNr

r¼1

R†
rμs;r½m�; (23)

where :† denotes the adjoint operator. The adjoint source terms
μs;r½m� are given by

μs;r½m� ¼ ∂WpðGσðdobs;s;rÞ;Gσðdcal;s;r½m�ÞÞ
∂dcal;s;r

; (24)

where the definition of the misfit function is involved.
In this study, the graph transform of 1D seismic traces induces a

2D optimal transport problem: this requires dedicated and efficient
algorithms. For this reason, we base our strategy on the KR dis-
tance, for which we have developed an efficient proximal splitting
algorithm, making it possible to solve 2D and 3D transport prob-
lems for realistic scale seismic data (Métivier et al., 2016b, 2016c).
The KR distance is based on the dual formulation of the one-
Wasserstein distance stating that, for two functions fðxÞ and gðxÞ,
x ∈ X ⊂ Rd, we have

W1ðf; gÞ ¼ max
φ∈Lip1ðXÞ

Z
x
φðxÞðfðxÞ − gðxÞÞdx; (25)

where Lip1ðXÞ is the space of one-Lipschitz functions for the ground
distance k:k defined on Rd

Figure 4. (a) Reference Ricker signal. (b) Representation of this Ricker in the graph space, with σt ¼ 0.001 and σx ¼ 0.005, and 50 dis-
cretization points for amplitude axis, (c) 100 discretization points for the amplitude axis, (d) 200 discretization points for the amplitude axis.
Representation in the graph space, with 100 discretization points for the amplitude axis, with (e) σt ¼ 0.002 and σx ¼ 0.01, (f) σt ¼ 0.0005 and
σx ¼ 0.0025.
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Lip1ðXÞ ¼ fφðxÞ; ∀ ðx; x 0Þ ∈ X × X;

jφðxÞ − φðx 0Þj < kx − x 0kg: (26)

Note that in Métivier et al. (2016b, 2016c), this distance is introduced
with additional boundary constraints on the function φ. These boun-
dary constraints lead to a well-posed maximization problem even in
the case in which the mass conservation between f and g is not sat-
isfied. As we have seen, the mass conservation is indeed satisfied in
the case of seismic data and these boundary constraints can thus be
neglected.
The proximal splitting algorithm we use is the ADMM/SDMM

method (alternating-direction method of multipliers/simultaneous-
direction method of multipliers) (Combettes and Pesquet, 2011). It
is dedicated to the solution of convex nonsmooth problems (Métivier
et al., 2016c). We recast the linear programming problem arising from
the discretization of equation 25 as such a convex nonsmooth problem,
with a misfit function composed of two terms. At each iteration, the
ADMM/SDMM strategy applies the proximity operators associated
with these two terms, for which we have closed-form formulations.
In addition, a linear system needs to be solved, which we have dem-
onstrated is equivalent to the second-order finite-difference discretiza-
tion of Poisson’s equation. This linear system is solved with an FFT
approach, which has a quasilinear complexity (Swarztrauber, 1974).
Following this KR strategy, the related misfit function is given by

min
m

fðmÞ ¼
XNs

s¼1

XNr

r¼1

max
φs;r∈Lip1ðXÞ

Z
t

Z
x
φs;rðx; tÞðdGσ

obs;s;rðx; tÞ

− dGσ
cal;s;r½m�ðx; tÞÞdxdt; (27)

where ðx; tÞ ∈ X ⊂ R2, with x ∈ R related to the amplitude axis, and
t ∈ Rþ related to the time axis. For this particular choice of optimal
transport distance, the adjoint source terms μs;r½m� are given by

ðμs;r½m�Þi¼
1

2πσxσtN

Z
t

Z
x
φ̄s;rðx;tÞ

exp

�
−
ðt−tiÞ2
2σ2t

−
ðx−ðdcal;s;r½m�ÞiÞ2

2σ2x

�
x−ðdcal;s;r½m�Þi

2σ2x
dxdt;

(28)

where the function φ̄s;rðx; tÞ achieves the maximization

φ̄s;rðx; tÞ ¼ argmax
φs;r∈Lip1ðXÞ

Z
t

Z
x
φs;rðx; tÞðdGσ

obs;s;rðx; tÞ

− dGσ
cal;s;r½m�ðx; tÞÞdxdt: (29)

The derivation of this important result is given in Appendix C. It can
be interpreted as follows: the optimal transport residual φ̄s;rðx; tÞ
coming from the comparison of the data in the graph space is
backprojected into the time-domain space through equation 28. This
backprojected solution can be considered as the output of the corre-
sponding adjoint operator of the graph-space transformation Gσ .
Finally, we can note again that, thanks to the adjoint-state formal-

ism, the change of the misfit function within an existing FWI
code only impacts the definition of the adjoint source. This is quite
convenient in terms of implementation because only the part of the

code dedicated to the misfit-function evaluation and adjoint source
computation has to be modified.

Practical implementation details

In practice, both directions of the graph space should be discre-
tized: The time direction has a natural discretization, whereas the
amplitude direction requires one. For a given set of traces, the dy-
namic range could be between the largest positive peak and the
lowest negative peak among all the traces. Of course, a trade-off
needs to be found between the use of a fine discretization of the
amplitude direction in the graph space for an accurate representation
of the signal, and the induced computational cost: A fine discreti-
zation increases the size of the 2D optimal transport problems to
solve and the computational issue.
In addition, an adequate choice of the scaling parameters σx and σt

is required. Too small values can generate numerical accuracy prob-
lems as the Gaussian functions representing the Dirac masses become
singular. Too large values can be responsible for losing weak ampli-
tude event as the Dirac masses are blurred. In practice, the choice of
the number of discretization points along the amplitude axis in the
graph space and the settings of the scaling parameters σx and σt is a
calibration step that is done on specifically chosen traces, by com-
paring them with their graph representation.
Decimating the data in time before transforming it to the graph

space will mitigate the computational cost associated with the dis-
cretization of the amplitude axis. Time-domain modeling engines
on which FWI relies need to satisfy a Courant-Friedrichs-Lewy con-
dition that restricts the time sampling far beyond the Nyquist fre-
quency: This results in a significant oversampling in time of the
seismic data. This opens the way to nonnegligible computational
gains through decimation of the signal (Yang et al., 2016).
Another practical aspect is related to the design of the ratio be-

tween the maximum range along the amplitude axis and the maxi-
mum range along the time axis in the graph space. Formally, the
optimal transport distance in the graph space is convex with respect
to any deformation of the signal along the two dimensions (time and

Figure 5. The OT-GS misfit function between observed and calcu-
lated Ricker signals, depending on the value of the scaling coeffi-
cient τ. τ ¼ 1, dotted black line; τ ¼ 2, dotted red line; τ ¼ 4, solid
black line; and τ ¼ 8, solid red line. These misfit functions are com-
pared with the KR misfit function directly applied to the Ricker
signals in solid gray line. A single minimum is recovered for all
the values of τ. Compared with the KR approach, the sensitivity
to large time shifts expected from the use of an optimal transport
distance is preserved. As expected, increasing the value of τ in-
creases this sensitivity, whereas decreasing it narrows the valley
of attraction.
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amplitude). Therefore, the convexity of the distance is ensured not
only with respect to time shifts but also with respect to amplitude
shifts. For two shifted in time signals and a given ratio between
the maximum range along the two axes, for sufficiently large time
shifts, it could become less expensive from an optimal transport
point of view to displace the Dirac masses along the amplitude axis
rather than along the time axis to map the signals. If this is the case,
the sensitivity of the optimal transport distance to the time shifts will
be drastically reduced. One could adjust the aspect ratio between the
amplitude axis and the time axis to favor the displacement along the
time axis and to penalize the displacement along the amplitude
axis from the optimal transport point of view. In the following,

we introduce a control parameter τ, which offers the possibility to
play on this aspect ratio to increase the sensitivity to the time shifts
rather than on amplitude shifts.

NUMERICAL EXPERIMENTS

We now consider four examples of increasing complexity to as-
sess the interest of the proposed OT-GS strategy. First, we go back
to the simple shifted-in-time Ricker signals presented previously to
investigate the convexity of the OT-GS misfit function with respect to
time shifts. We further extend this investigation to the case of a 1D
velocity medium linearly increasing in depth: The misfit-function

map is computed for the two parameters defining
this 1D velocity model. Then, we investigate the
behavior of a FWI algorithm based on this misfit
function for a crosshole acquisition case study,
with a homogeneous medium. We complete these
illustrations with an analysis of an experiment
based on the Marmousi 2 model (Bourgeois et al.,
1991; Martin et al., 2006).

Shifted Ricker example

The shifted Ricker example will be investi-
gated with the misfit function CðsÞ defined by

CðsÞ ¼ W1ðdGσ
obs; d

Gσ
calðsÞÞ: (30)

In other words, the misfit between time-shifted
Ricker signals is expressed by measuring theW1

distance between their discretized “smoothed”
graph representations.
The discrete graph representation of the refer-

ence Ricker signal is controlled by the sampling
along time and amplitude axes and by the scaling
parameters σt and σx (Figure 4). The reference
Ricker is centered on 5 Hz (Figure 4a). The num-
ber of time discretization points is set to 2000, and
the time discretization step is equal to 0.002 s: It is
kept unchanged. Increasing the number of discre-
tization points for the amplitude axis from 50 to
200 (Figure 4b–4d) increases the accuracy of the
representation in the graph space of the seismic
signal. For instance, staircase effects can be seen
when using only 50 discretization points for the
amplitude axis, which are removed by using a fi-
ner discretization. Choosing higher values for the
scaling coefficients σt and σx produces a blurring
effect, which might be detrimental to the represen-
tation accuracy in the graph space (Figure 4e). On
the other hand, choosing too small values leads to
a sparser representation of the signal (Figure 4f),
which could yield potential numerical instabilities
when computing the gradient of this misfit
function.
Based on this comparison, we select a graph

representation using 100 discretization points for
the amplitude axis and intermediate values for
the coefficients σt and σx, namely, σt ¼ 0.001

and σx ¼ 0.005. We limit the number of itera-

Figure 6. Misfit-function profiles (left column) and associated level sets (right column)
for the two-parameters problem: (a) L2 misfit function, (b) KR misfit function, OT-GS
misfit function (c) with τ ¼ 1 and (d) with τ ¼ 4.
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tions of the proximal splitting algorithm used to compute the KR
distance in the graph space to 25 to reduce the computational cost.
The computation of the misfit function CðsÞ is performed for
several values of the parameter τ, which aims at controlling the

sensitivity to time shifts, equal to 1, 2, 4, and 8. The corresponding
misfit functions are presented in Figure 5, and they are compared
with the one obtained using the KR distance directly on the traces.
A single minimum is recovered, for any value of τ, whereas the

Figure 7. Crosshole experiment: (a) exact VP model at 2000 m∕s. (b) Initial model 1 at 1900 m∕s, reconstructed models using (c) the L2 misfit
function, (d) the KR misfit function, and (e) the OT-GS misfit function from initial model 1. (f) Initial model 2 at 1800 m∕s, reconstructed
models using (g) the L2 misfit function, (h) the KR misfit function, and (i) the OT-GS misfit function from initial 2. (j) Initial model 3 at
2200 m∕s, reconstructed models using (k) the L2 misfit function, (l) the KR misfit function, and (m) the OT-GS misfit function from initial
model 3.
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sensitivity to large time shifts, expected from the use of an optimal
transport distance, is preserved. This is an encouraging result. In
this schematic example, the graph-transport-based approach seems
to overcome the difficulty associated with the use of optimal trans-

port distance for nonpositive data. In addition, the control parameter
τ appears to play the role that is expected: Increasing its value in-
creases the sensitivity to large time shifts, generating a more convex
misfit function, whereas decreasing its value narrows the valley of

Figure 8. (a) Crosshole experiment: common shot gather (CSG) in the exact model. (b) CSG in the initial model 1, CSG in the model obtained
using (c) the L2 misfit function, (d) using the KR misfit function, (e) using the GT-OS misfit function starting from initial model 1. (f) CSG in
the initial model 2, CSG in the model obtained (g) using the L2 misfit function, (h) using the KR misfit function, (i) using the OT-GS misfit
function starting from initial model 2. (j) CSG in the initial model 3, CSG in the model obtained (k) using the L2 misfit function, (l) using the
KR misfit function, (m) using the OT-GS misfit function starting from initial 3. The two shaded shot gather on the left of the second and the
third rows are copy of the shot gather in the exact model (a) to make easier the comparison between shots.
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attraction of the misfit function for improving the expected resolu-
tion. This could, in principle, open the way to a continuous design
of hierarchical FWI schemes with large starting values of τ progres-
sively decreased.

Comparison of misfit functions for a two-parameters
problem

A two-parameter model allows a simple representation of the
misfit function. We consider a linearly increasing velocity model
VPðzÞ parameterized by a background velocity VP;0 and a depth
gradient γ such that

VPðzÞ ¼ VP;0 þ γz; (31)

similar to what was proposed in Mulder and Plessix (2008). The
velocity model is defined on a 2D rectangular domain 17 km long
and 3.5 km deep. We compute synthetic data in the acoustic
approximation using a surface acquisition system with one source
located at a depth of 50 m and at x ¼ 8.45 km and 168 receivers
located at the same depth regularly deployed each 100 m from
x ¼ 0.15 to 16.85 km. The source wavelet is a Ricker centered on
5 Hz, which has been high-pass filtered to remove its energy of less
than 3 Hz. The total recording time is set to 4.6 s.

The data are acquired for a velocity model parameterized with
VP;0 ¼ 2000 m∕s and γ ¼ 0.7s−1. We compare the L2 misfit func-
tion, the KR misfit function, and the OT-GS misfit function with
two values of the scaling coefficient τ ¼ 1 and 4. The range of var-
iations for VP;0 and γ is

1750 ≤ VP;0 ≤ 2250; 0.4 ≤ γ ≤ 0.9: (32)

The sampling of the misfit function for both parameters is
ΔVP;0 ¼ 12.5 m∕s, Δγ ¼ 0.025 s−1.
The settings for the discretization of the graph representation are

similar to the one used in the previous experiment. Namely, 2000
points for the time axis and 100 points for the amplitude axis with
scaling parameters σt ¼ 0.001 and σx ¼ 0.005. The number of iter-
ations for the proximal splitting algorithm is also limited to 25 as for
the previous experiment.
The four misfit functions and their level sets are presented in Fig-

ure 6. As can be seen, the L2 misfit function presents several local
minima and the global minimum is surrounded by barriers narrowing
the valley of attraction: Converging to the global minimum through
local optimization techniques would require a starting model in close
vicinity. As was noticed in Métivier et al. (2016c), the use of the
KR distance tends to produce a smoother misfit profile with a wider

Figure 9. Crosshole experiment: comparison of seismic traces corresponding to the shot and the receiver at z ¼ 49 m depth in the left and
right boreholes. The seismic traces are computed in the exact model, initial models, and estimated models, depending on the choice of the misfit
function. Comparison for the initial model at VP ¼ 1900 m∕s, for (a) the L2 misfit function, (b) the KR misfit function, (c) the OT-GS misfit
function. Comparison for the initial model at VP ¼ 1800 m∕s, for (d) the L2 misfit function, (e) the KR misfit function, (f) the OT-GS
misfit function. Comparison for the initial model at VP ¼ 2200 m∕s, for (g) the L2 misfit function, (h) the KR misfit function, (i) the OT-GS
misfit function.
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valley of attraction. However, several local minima are still present.
Interestingly, the OT-GS approach provides misfit functions with no
local minima: A single global minimum is recovered. Increasing the
factor τ from 1 to 4, as in the previous example, enforces the con-
vexity of the misfit function. The attraction valley is enlarged, which
favors the convergence to the global minimum, however possibly at
the expense of a resolution loss, as has been observed for crosscor-
relation functions, for instance (van Leeuwen and Mulder, 2010).
This, again, is an encouraging result because the OT-GS approach
appears to overcome the limitation of applying the KRmisfit function
directly to the data, yielding a nonconvex misfit function.

A crosshole tomography experiment

Let us now consider a more realistic example, though still quite
simple: A 2D crosshole tomography configuration with 48 sources
located in a 100 m deep borehole and 48 receivers located in a
second borehole 50 m away from the first borehole should be an
interesting illustration of the effects of the various misfit functions.
A set of data is acquired in the acoustic approximation in a homo-
geneous velocity medium at constant velocity VP ¼ 2000 m∕s,
using a Ricker source centered at 250 Hz.
Three homogeneous initial models are considered: the first one

at a velocity VP ¼ 1900 m∕s, the second one at a velocity
VP ¼ 1800 m∕s, and the third one at a velocity VP ¼ 2200 m∕s.
FWI results obtained using the L2, KR, and OT-GS misfit functions
are compared.
A 2D Gaussian smoothing is applied to the gradient. The corre-

lation length in each direction is equal to a fraction of the local
wavelength. This local wavelength is approximated in the current
velocity model for a reference frequency set to 250 Hz. The fraction
we choose in this example is equal to 0.8.
The corresponding correlation length is between 7.2 and 8.8 m

from the slowest to the fastest initial model. Because of this relatively
strong smoothing, we rely on a nonlinear conjugate gradient optimizer
rather than on the standard l-BFGS solver: The l-BFGS inverse Hes-
sian estimation is impacted by the smoothing. We use the implemen-
tation from the SEISCOPE toolbox (Métivier and Brossier, 2016).

For the OT-GS approach, the time-discretization points are 2000
whereas those along the amplitude axis are 100. Values of σt and σx
are equal to 0.001 and 0.005, respectively, as in previous experi-
ments. We also limit the proximal splitting algorithm to compute
the KR distance in the graph space to 25 iterations to save compu-
tation time. The control parameter τ is set to one in this experiment.
The results we obtain are presented in Figure 7 for the velocity

reconstruction and in Figures 8 and 9 for data fitting. Starting from
the initial model at 1900 m∕s (Figure 7b), the three strategies are
able to converge toward a reliable estimation of the P-wave velocity
(Figure 7c–7e): no cycle-skipping problems are met. Starting from
the initial model at 1800 and at 2200 m∕s (Figure 7f and 7j), there
are fundamental differences in the velocity reconstruction depend-
ing on the misfit we consider (Figure 7g–7m).

The analysis of the data reveals that a cycle-skipping issue indeed
occurs in these two initial models (Figure 8a, 8f, and 8j). The initial
model at 1800 m∕s is too slow: The predicted arrival is delayed by
more than a period from the exact one. The initial model at 2200 m∕s
is too fast: The predicted arrival is advanced by more than a period
from the exact one.
For this reason, the L2 and KR misfit functions are not able to

converge toward a correct estimation of the P-wave velocity. Start-
ing from the initial model at 1800 m∕s, the L2 result exhibits a
crossed-shape area in which the correct velocity at 2000 m∕s is
reached (Figure 7g). However, away from this cross-shaped area,
the velocity is decreased, while it should be increased: This is a
clear sign of cycle skipping. For the KR result (Figure 7h), the same
pattern appears amplified: The lower and upper bounds on the P-
wave velocity, which have been set to 1000 and 5000 m∕s, are
reached. Starting from the initial model at 2200 m∕s, the L2 result
shows that thewhole velocity has been increased whereas it should be
decreased (Figure 7k). This is the same for the KR result, except for
two low-velocity zones on the edges, near the source and receivers in
the middle of the wells (Figure 7l).

Figure 10. (a) Comparison of a seismic trace computed in the exact
Marmousi model and different representations in the graph space
depending on the time-decimation rate: (b) no decimation, (c) deci-
mation by a factor two, and (d) decimation by a factor four.
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The analysis of the data reveals that, starting from the initial mod-
els at 1800 and 2200 m∕s, the calculated and observed data cannot
be correctly put in phase using the L2 misfit function or the KR
misfit function (Figure 8a, 8g, 8h, 8k, and 8l). A closer view is given
in Figure 9, where a single trace, corresponding to the source and
receiver in the middle of the boreholes, is compared. For each plot,
it is computed in the exact model, the initial model, and the result
obtained using a given misfit function. As can be seen in Figure 9d,
9e, 9g, and 9h, the L2 and KR misfit functions are not able to shift
the main arrival toward its correct time. The KR results (Figure 9e
and 9h) appear more unstable because the main arrival is advanced
much more than what is expected to match the observed data. This
is consistent with the resulting models, which reach the upper
bound set at 5000 m∕s in large zones. This instability might be
associated with the insensitivity of the KR misfit
function with respect to large time shifts, as is
illustrated in the 1D example (Figure 3).

Only using the OT-GS misfit function gives a
reliable estimation of the P-wave velocity (Fig-
ure 7i and 7m). The data computed in the final
model are in phase with the exact data (Figure 8i
and 8m). The analysis of the central trace in the
exact, initial, and final estimations presented in
Figure 9c, 9f, and 9i confirms the previous inter-
pretation. Using the OT-GS misfit function, the
calculated trace nicely fit the observed data.
This simple experiment confirms the promis-

ing potentiality of the OT-GS misfit function to
mitigate the cycle-skipping issue.

Marmousi model

The Marmousi model, although still a simple
model, could highlight the interest of the OT-GS
approach in a more realistic configuration. We
consider a modified version of the Marmousi 2
P-wave velocity model for which the bathymetry
is flat, presented in Figure 13. The water layer is
kept constant at 1500 m∕s and assumed to be
known. A fixed-spread surface acquisition at a
depth of 50 m is used with 128 sources located
each 130 m from x ¼ 0.05 to 16.7 km. For each
source, 168 receivers at the same depth are used,
located each 100 m from x ¼ 0.05 to 16.8 km.
The observed data are acquired using a Ricker-
source wavelet centered at 6 Hz and high-pass
filtered so as to remove the energy of the signal
less than 3 Hz.
A set of data is acquired in the acoustic

approximation using the exact Marmousi model.
A free-surface condition is implemented at the
surface/air interface. The total recording length
is set to 6 s. We consider two initial models. The
first is obtained by smoothing the exact model
using a correlation length of approximately 3 km
resulting in a strongly smoothed version of the
true model and a significant underestimation
of the velocity increase in depth. The second
is a 1D model linearly increasing from the ocean
bottom at 1500 m∕s to the bottom of the model

at 3200 m∕s, resulting in an even cruder initial guess. For these two
models, we want to compare the efficiency of FWI based on the L2,
KR and OT-GS misfit functions.
In Figure 10, we illustrate how a seismic trace is typically

represented in the graph space for this more realistic application.
We compare one trace extracted from the data corresponding to
a source and a receiver located at the center of the model at
x ¼ 8.5 km, with its representation in the graph space, using three
discretizations with 2600, 1300, and 650 points along the time axis,
200 discretization points along the amplitude axis, with the scaling
quantities σt ¼ 0.001 and σx ¼ 0.0025. The number of discrete
points used to geometrically represent the amplitude variations
should be as small as possible to prevent a too drastic increase
of the computational time: 200 discrete points seem to be a good

Figure 11. Adjoint source in the 1D initial model corresponding to the shot gather as-
sociated with a source located at x ¼ 8.5 km for the Marmousi case study: (a) L2 adjoint
source, (b) KR adjoint source, and (c) OT-GS adjoint source.
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compromise for the amplitude. The graph transform mainly affects
the accuracy of the representation of events with the largest mag-
nitude. The decimation in time increases this effect as the number of
points in time becomes too small to properly represent the fast var-
iations of the signal. However, the largest amplitude event corre-
sponds to the direct arrival, which is correctly predicted in this
case because the water layer is supposed to be known. For this rea-
son, the accuracy of the representation in the graph space of this
large amplitude event might be not crucial in this case. Thus, we
select a decimation ratio equal to four, corresponding to 650 points
along time. This reduces significantly the computational cost of the
OT-GS approach.
Adjoint sources (residuals) associated with L2 misfit function,

the KR misfit function, and the OT-GS misfit function are compared
in Figure 11. These adjoint sources are computed in the 1D initial
model, for the shot gather associated with the source located at
x ¼ 8.5 km. For the OT-GS distance, the control parameter τ is set
to 1.5 after some trial-and-error calibration. For plotting compari-
son, the adjoint sources have been normalized to have a maximum
absolute value equal to one, whereas the true amplitudes are pre-
served when backprojected into the medium. The L2 adjoint source

is dominated by the mismatch of diving waves at the long offset
(Figure 11a). Conversely, the two others give a more important
weight to missing reflected events. The KR adjoint source bears
a significant imprint of a zero-frequency signal: Actually, its mean
is not equal to zero and the color bar has been shifted to enhance the
visual comparison with the two other adjoint sources (Figure 11b).
Interestingly, the OT-GS adjoint source presents a similar anatomy
as the adjoint source associated with the KR adjoint source; how-
ever, no zero-frequency signal is introduced: Its mean remains at
zero. In addition, the amplitude of residuals associated with the div-
ing wave remains stronger than those associated with reflections,
whereas in the adjoint source associated with the KR misfit func-
tion, the amplitude of events associated with diving waves and re-
flections is approximately the same (Figure 11c).
In Figure 12, the first gradients in the 1D initial model are pre-

sented, depending on the choice of the misfit function. The L2 gra-
dient is dominated by shallow updates and the imprint of the strong
dipping reflector on the middle left of the model (Figure 12a). The
KR gradient mitigates the imprint of this reflector and provides
more details on the deeper structure of the model (Figure 12b). The
large reflector on the bottom left part of the medium appears at a
3 km depth. In the OT-GS gradient, the imprint of the strong dipping
reflector in the medium of the model is removed (Figure 12c). The
energy is refocused on smooth shallow updates, while finer scale
reflectors are still visible below.
In Figure 13, the P-wave velocity models reconstructed after FWI

starting from the two different initial models, using the different
misfit functions, are presented. The l-BFGS algorithm from the
SEISCOPE optimization toolbox is used, together with a Gaussian
smoothing of the gradient similar to the one used in the previous
crosshole experiment. The correlation length is equal to respectively
0.4 and 0.2 times the local wavelength in the horizontal and vertical
directions. A linear norm preserving depth preconditioning is also
used to enhance the updates at depth, accounting for the surface ac-
quisition configuration. Following this method, the preconditioned
gradient is obtained by multiplying the gradient with the depth. A
normalization is then applied to preserve the norm: The precondi-
tioned gradient has the same norm as the original gradient.
No stopping criterion is enforced for the l-BFGS algorithm: We

let the optimizer free to minimize the misfit function as much as
possible. The iterations thus stop on a linesearch failure. In Fig-
ure 14, the shot gathers corresponding to the source located at x ¼
8.5 km computed in the exact, initial, and reconstructed P-wave
velocity models are presented.
Both initial models generate cycle-skipping effects: Only the

direct wave is correctly predicted in the water layer, and the diving
waves, which arrive faster at a large offset, are cycle-skipped
as shown in Figure 14a, 14b, and 14f. The cycle skipping is more
severe for the 1D initial model than for the smooth initial model,
especially for the diving waves propagating on the right part of the
model. This is consistent with the fact that the smooth initial model
preserves a lateral variation with a velocity increase on the bottom
right part of the model, which is no longer present in the 1D ini-
tial model.
FWI based on the L2 misfit function fails to recover the P-wave

velocity structure starting from the two initial models as expected.
In both cases, the initial model is marginally updated. The data
computed in the final estimation (Figure 14d and 14e) confirm
the presence of cycle-skipping effects: The long-offset diving waves

Figure 12. First gradient in the initial 1D model for the Marmousi
case study: (a) L2 gradient, (b) KR gradient, and (c) OT-GS gra-
dient.
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are incorrectly updated. The diving wave propagating to the left
are accelerated, whereas they should be decelerated to fit the ob-
served data.
FWI based on the KR misfit function provides better results when

it starts from the first initial model (Figure 13f). The main structures
of the model are recovered until 3 km depth despite shallow artifacts
on the left and deeper artifacts on the right. These artifacts can be
correlated with the data fit presented in Figure 14d, where we can
see that the postcritical reflections arriving at later times and larger
offsets are incorrectly predicted, on both sides of the model. Starting
from the 1D initial model, the reconstruction of the P-wave velocity
model is far less satisfactory (Figure 13g). The central structure be-
tween x ¼ 8 and 11 km starts to be recovered, as well as the shallow
structure until 1 km depth on the right part of the model. However,
the model is not updated deeper than 2.5 km depth and strong cycle-
skipping artifacts can be observed on both sides of the model. This
is confirmed by the shot gather presented in Figure 14h. As is ob-
served for the result obtained starting from the first initial model, the
postcritical reflections arriving at later times and
the large offsets are incorrectly predicted. In addi-
tion, a strong reflection appears at 1.5 s, for the
receivers located nearby x ¼ 6 km. This reflection
corresponds to the high-velocity anomaly located
at x ¼ 8 and 1.5 km depth in Figure 13g. This
anomaly might explain a later event in the
observed data, arriving at time t ¼ 3.5 s on the
receivers located nearby x ¼ 4 km, as an internal
multiple.
FWI using the OT-GS distance yields better

results starting from both initial models (Fig-
ure 13h and 13i). The velocity structure is rela-
tively well-reconstructed until 3 km depth, even
if some artifacts can be identified on the edges of
the model, which could be related to a lack of
illumination in these zones. In addition, starting
from the 1D initial model, the strong reflector
located on the right part of the model, at
2.5 km depth, is not reconstructed. This can
be well identified in the shot gather presented
in Figure 14e and 14i: The postcritical reflections
arriving at t ¼ 5 s on the right part of the model
are correctly predicted only starting from the
smooth initial model. A relatively strong ampli-
tude thin-layering artifact also appears at very
shallow depth, just below the water layer, on the
left part of the model, starting from the two initial
models. It is not yet clear why and how they ap-
pear: Their presence could be removed through
a postprocessing smoothing of the estimated
models.
The comparison of OT-GS misfit functions for

different values of τ presented for the Ricker
examples presented in Figure 5 suggests the
possibility of a hierarchical approach based on
decreasing values of τ. Finally, we investigate
this strategy in the framework of the Marmousi
experiment. The model obtained using the OT-
GS misfit function with τ ¼ 1.5, starting from
the 1D velocity model, is used as a starting model

for a sequence of inversions with the OT-GS misfit function with
values of τ decreasing to 0.5, 0.25, 0.1, 0.05, and 0.025. For each τ
value, the result that is obtained is used as a starting model for the
next τ value. We present the models obtained at stages correspond-
ing to τ ¼ 0.5, 0.25, and 0.025 in Figure 15. Interestingly, we see
that the velocity structure is significantly improved, especially in
depth. The strong reflector in the right part starts being recon-
structed. The high-velocity anomaly in the bottom left part at
x ¼ 3 km and z ¼ 2.5 km is also corrected, enhancing the continu-
ity of the deep reflector in the left part of the model. This improve-
ment is confirmed by the shot-gather analysis provided in Figure 16.
The exact shot gather is compared with the shot gather in the model
obtained from the 1D velocity model using the OT-GS misfit func-
tion with τ ¼ 1.5, and the shot gather in the model obtained at the
end of the hierarchical approach for decreasing τ values. The
reconstruction of the late postcritical reflections is enhanced, in
the left part and especially the right part of the gathers. The design
of a hierarchical workflow based on decreasing τ values thus seems

Figure 13. Marmousi experiment, P-wave velocity models. (a) Exact model. (b) Initial
model obtained through a Gaussian smoothing of the exact model. (c) Initial 1D linearly
increasing model. Results obtained using a L2 misfit function obtained starting (d) from
the smooth initial model, (e) from the 1D initial model. Results obtained using the KR
misfit function starting (f) from the smooth initial model, (g) from the 1D initial model.
Results obtained using the OT-GS misfit function starting (h) from the smooth initial
model and (i) from the 1D initial model.
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promising for an accurate broadband reconstruction of the velocity
model, starting from a very crude initial model, and data containing
no low-frequency information.

DISCUSSION

The numerical experiments illustrate the interest of the OT-GS
distance for FWI. In particular, it appears as a promising tool to
increase the convexity of the misfit function with respect to the
subsurface velocity. However, this preliminary work leaves several

questions unanswered. The first is related to the computational cost
and the computational complexity of the approach. Basically, at
each iteration of the FWI algorithm, in the current implementation,
a 2D transport problem has to be solved for each trace of the shot
gathers. Based on the numerical solver we have previously devel-
oped in Métivier et al. (2016b, 2016c), this implies an algorithmic
complexity in OðNt × Nx × NrecÞ, where quantities Nt, Nx, and
Nrec denote the number of time discrete points, amplitude discrete
points, and the number of receivers per source. Because the chosen
Nx should be sufficiently large to maintain a sufficient accuracy of

Figure 14. Marmousi experiment, shot gathers computed for a source located at x ¼ 8.5 km. (a) Shot gather in the exact model. (b) Shot gather
in the smooth initial model. Shot gather in the final model obtained starting from the smooth initial model (c) with the L2 misfit function,
(d) with the KR misfit function, (e) with the graph-transform-based optimal transport misfit function. (f) Shot-gather in the 1D initial model.
Shot gather in the final model obtained starting from the 1D initial model (g) with the L2 misfit function, (h) with the KR misfit function,
(i) with OT-GS misfit function.
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the data representation in the graph space and the time sampling fine
enough for capturing the amplitude evolution, the algorithmic com-
plexity becomes similar as the one requested for the solution of a 3D
transport problem using the same algorithm.
This nonnegligible increase can however be mitigated by adjusting

different constants parameterizing the problem. First, the data can be
decimated in time. On the Marmousi example, the final results
are obtained using a decimation in time by a factor four: Only
650 samples are considered. Second, the number of iterations of
the proximal splitting algorithm used to solve the optimal transport
problem can be reduced. On the Marmousi experiment, only 40 iter-
ations are performed, compared with 100 iterations for the KR misfit
function. A cumulative factor of 10 is thus obtained, and the com-
putational cost of the misfit function is thus “only” 20 times larger
than the cost associated with the KR misfit function instead of 200.
As a more practical comparison, the computational cost of one gra-
dient, on our local cluster, for the Marmousi experiment using the
least-squares distance is equal to 32 s, whereas it is equal to 38 s
using the KR misfit function and 186 s using the OT-GS distance.
The global computational increase is thus by a factor 5.8 compared
with the L2 misfit function and a factor 4.9 compared with the KR
misfit function in the settings we have chosen for the Marmousi
experiment.
A further question is related to the interpretation of the whole

shot gathers in the graph space rather than for each individual trace.
There is no theoretical obstacle to proceed in this direction, which
would lead to the solution of a 3D optimal transport problem, in-
stead of Nrec 2D optimal transport problems, per shot. We have em-
phasized the interest of the interpretation of the data through
optimal transport considering the whole gathers in Métivier et al.
(2016b). In particular, this opens the way for accounting for any
geometric coherency the data can have in a gather representation,
which brings valuable information for constraining the subsurface
parameters in the FWI process. This feature is crucial for the KR
misfit function: It is far less efficient when applied trace by trace.
The reason why we remain in this study in a trace-by-trace formal-
ism is practical. For the Marmousi experiment, solving large 3D
optimal transport problem through our proximal splitting technique
requires the use of 3D Poisson solvers. Our current implementation,
based either on the FISHPACK (Swarztrauber, 1974) solver or on
the MUDPACK solver (Adams, 1989), lacks flexibility. Improving
our implementation to tackle larger scale 3D Poisson problems will
be the matter of further studies.
A hint on the interest for moving toward a full shot-gather

interpretation is provided in Figure 17. A comparison of 2D
misfit-function profiles obtained using trace-by-trace or full shot-
gather strategies is performed in the settings of the second numeri-
cal experiment (1D velocity linearly increasing in depth and surface
acquisition). The misfit function of the full shot gather is slightly
smoother and more convex than the misfit function obtained
through a trace-by-trace analysis.
Nonetheless, reducing further the computational cost while still

relying on the graph-transform approach will probably require
changing the algorithm used to compute the optimal transport dis-
tance in the graph space. This work is not straightforward and will
require dedicated study. Among the possibilities we are interested
in, we will consider using the entropic regularization approach
promoted by Benamou et al. (2015) or the semidiscrete approach
promoted by Mérigot (2011) and Kitagawa et al. (2017).

Regarding the interpretation of the data, a possibility that is not
used in this study, and would require a specific study, consists in
reintroducing mass in the graph space to weight the seismic events
differently. In the approach proposed in this study, the use of a
smooth approximation of the Dirac function for each discrete point
leads to the same mass for each point of the graph (equation 17).
However, a weighting function aðx; tÞ in the graph space could be
introduced to emphasize the interpretation of particular events. In
the Marmousi example, giving more weight to later arrivals might
improve the reconstruction at depth. The same weighting function
would be required for observed and calculated data to preserve the
mass conservation.
Another important question that will need to be assessed in future

studies is the robustness of the graph-transform-based optimal
transport distance approach with respect to the ability to accurately

Figure 15. Marmousi experiment, P-wave velocity models, hierar-
chical approach. (a) Result obtained using the OT-GS misfit func-
tion starting from the 1D velocity model with τ ¼ 1.5. (b) Result
obtained starting from model (a) using the OT-GS misfit function
with τ ¼ 0.5. (c) Result obtained starting from model (b) using the
OT-GS misfit function with τ ¼ 0.25. (d) Result obtained starting
from model using the OT-GS misfit function with τ ¼ 0.025.

A graph-space OT distance for FWI R533



predict the amplitude of the seismic events. The crosshole and Mar-
mousi experiments presented in this study are performed in inverse
crime settings. The ability of the OT-GS strategy to handle noise and

inaccurate physical modeling of the wave propagation therefore re-
mains to be assessed. In particular, introducing anisotropy in the
measure of the ground distance to favor the displacement along

the time axis, as controlled by the scaling param-
eter τ we have introduced, should be in turn
responsible for an increased sensitivity of the mis-
fit function to amplitude mismatch. This could be
a drawback in the perspective of applications to
real data; it is well known that accurate amplitude
prediction is difficult.
This opens several avenues for investigation:

Should we rely on a normalization of the signal
to focus on the comparison of phases only? Sev-
eral such normalization strategies have already
been proposed to this purpose, one recent instance
being the implicit shaping method proposed by
Maharramov et al. (2017). This could be used
prior to the graph-transform-based optimal trans-
port strategy. Another direction relies on a more
accurate prediction of the physics by incorporat-
ing attenuation, density effects, as well as elastic
and anisotropic effects. This is more ambitious

Figure 17. Misfit-function profiles (left column) and associated level sets (right column) for the two-parameter problem: (a) graph-transform-
based optimal transport misfit function with τ ¼ 1 in a 1D setting (trace-by-trace comparison), (b) associated level sets, (c) graph-transform-
based optimal transport misfit function with τ ¼ 1 in a 2D setting (shot gather comparison), and (d) associated level sets.

Figure 16. Marmousi experiment, shot gathers computed for a source located at
x ¼ 8.5 km. (a) Shot gather in the exact model. (b) Shot gather in the model obtained
starting from the 1D initial model with the OT-GS misfit function. Shot gather in the
model obtained following a hierarchical approach by decreasing the scaling factor τ
reaching τ ¼ 0.025 (model from Figure 15d).
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and also more challenging. It first implies the design of accurate and
flexible modeling tools for viscoelastic wave propagation, including
anisotropic effects and correctly accounting for the free-surface con-
dition. We are currently investigating this topic through the design of
a spectral element modeling and inversion code (Trinh et al., 2017).
Second, it also implies moving toward multiparameter FWI, which
requires specific techniques to mitigate crosstalks between parame-
ters (Operto et al., 2013; Métivier et al., 2015; Yang et al., 2018).
As a preliminary investigation on the sensitivity of the misfit

function to correct amplitude estimation, we present in Figure 18
results obtained for the crosshole case study, introducing noise in
the observed data, with a signal to noise ratio (S/N) equal to 10. The
injected noise follows a Gaussian distribution, and it is filtered in
the frequency band of the observed data (a cutoff is introduced at
650 Hz). The regularization through the Gaussian smoothing of the
gradient is increased in the vertical direction to mitigate the intro-
duction of noise, as would be done for a real application. The results
obtained with and without noise using the OT-GS misfit function

show that the introduction of noise only marginally degrades the
P-wave velocity estimation (Figure 18d and 18h). In particular,
the estimation is still better than what is obtained on data without
noise, using L2 or KR misfit functions. This is an encouraging pre-
liminary test because it reveals that the sensitivity to noise might not
be a crucial issue for the OT-GS misfit function.

CONCLUSION AND PERSPECTIVES

The interest of applying optimal transport as a measure of
distance between seismic data in the framework of FWI relies on
its convexity with respect to shifted patterns. This property is ex-
pected to provide convex misfit functions with respect to the subsur-
face velocity: Low-wavenumber perturbations of this parameter
mainly influence the kinematics of waves. The main difficulty for
applying optimal transport to seismic data comes from its oscilla-
tory nature: Optimal transport is based on the assumption that the
compared quantities are positive.

Figure 18. Transmission case study with Gaussian noise on the data. S/N is equal to 10, and the noise has been filtered in the frequency band of
the data. (a) Reference data without noise, (b) data in the initial model at VP ¼ 1800 m∕s, (c) data in the estimated model with the graph-
transform-based optimal transport misfit function, (d) corresponding estimated model. (e) Reference data with noise, (f) data in the initial
model at VP ¼ 1800 m∕s, (g) data in the estimated model with the graph-transform-based optimal transport misfit function, (h) corresponding
estimated model.

A graph-space OT distance for FWI R535



In this study, we first review the different approaches that have been
proposed recently to overcome this issue and explain their current lim-
itations. These approaches are mainly based on the prior transforma-
tion of the data to make them positive or through an optimal transport
extension for signed quantities. They face the following problems:

1) Nondifferentiability: The transformation of the data is a not
differentiable operation, yielding a nondifferentiable misfit
function.

2) Information loss: The shape of the data is strongly affected,
leading to neglect of weaker amplitude events.

3) Convexity loss: The resulting misfit function is no longer
convex with respect to time shifts.

Thus, we propose an alternative strategy that consists of comparing
the seismic data through the optimal transport in the graph space. In-
stead of considering the seismic traces as 1D oscillatory functions of
time, we consider them as discrete cloud of points in a 2D space. The
optimal transport distance can thus be computed between the different
cloud of points representing the data. This process amounts to con-
sider the amplitude as a geometric feature of the data. This implies, at
least formally, that the shape of the data is not altered by the process.
Several numerical experiments illustrate the properties of this

strategy. In particular, in a 2D acoustic setting, the misfit function
appears to be more convex with respect to the P-wave velocity than
the L2 misfit function and the KR misfit function promoted in pre-
vious studies.
This preliminary work thus indicates that the OT-GS strategy is

promising for a better application of the optimal transport distance
to FWI. However, further work is required to assess the feasibility of
this strategy before its application to real data. A more efficient
numerical strategy would be required for large-scale 3D FWI be-
cause the computational complexity increases through the introduc-
tion of an additional dimension to the data to sample its amplitude.
A specific study of the sensitivity of the method with respect to
incorrect amplitude prediction is also required. Provided that these
two questions receive positive answers, the method might be an in-
teresting tool for real-data applications.
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APPENDIX A

FAST COMPUTATION FOR THE TWO-WASSER-
STEIN DISTANCE IN THE 1D CASE

For a given positive continuous function fðxÞ, with x ∈ R (1D
assumption), its cumulative distribution function is defined by

CfðxÞ ¼
Z

x

−∞
fðuÞdu: (A-1)

For two positive continuous functions fðxÞ and gðxÞ, the p-Wasser-
stein distance between fðxÞ and gðxÞ is given analytically by

Wpðf; gÞ ¼
Z

1

0

jC−1
f ðxÞ − C−1

g ðxÞjpdx; (A-2)

for p ≥ 1, where C−1
f denotes the inverse cumulative function of Cf ,

such that

C−1
f ðCfðxÞÞ ¼ x:

As f is positive and continuous, CfðxÞ is monotonically increasing,
which makes its inverse C−1

f ðxÞ easy to compute numerically.

APPENDIX B

THE MAININI DECOMPOSITION IN THE
PARTICULAR CASE OF THE ONE-WASSERSTEIN

DISTANCE

The standard dual formulation of the Kantorovich relaxation 2 is
given by

Wpðf; gÞ ¼
�
max
φ;ψ

Z
X
φðxÞfðxÞdxþ

Z
X
ψðxÞgðxÞdx

�
1∕p

;

(B-1)

where φ and ψ satisfy the constraints

φðxÞ þ ψðx 0Þ ≤ kx − x 0kp: (B-2)

In the particular case of the one-Wasserstein distance, this dual
formulation simplifies to

W1ðf; gÞ ¼ max
φ∈Lip1ðXÞ

Z
X
φðxÞðfðxÞ − gðxÞdx; (B-3)

where Lip1ðXÞ is the space of one-Lipschitz functions for the
ground distance k:k defined in equation 26 (for a proof, see Abrosio
et al., 2008; Santambrogio, 2015).

Considering nonpositive functions f and g, we can apply the
Mainini decomposition 12 and compute the one-Wasserstein dis-
tance between ~f and ~g defined by

~f ¼ fþ þ g−; ~g ¼ gþ þ f−: (B-4)

Using the simplified dual formulation B-3, we obtain
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W1ð ~f; ~gÞ¼ max
φ∈Lip1ðXÞ

Z
X
φðxÞð ~fðxÞ− ~gðxÞÞdx;

¼ max
φ∈Lip1ðXÞ

Z
X
φðxÞðfþðxÞþg−ðxÞ−gþðxÞ−f−ðxÞÞdx;

¼ max
φ∈Lip1ðXÞ

Z
X
φðxÞðfþðxÞ−f−ðxÞ−ðgþðxÞ−g−ðxÞÞÞdx;

¼ max
φ∈Lip1ðXÞ

Z
X
φðxÞðfðxÞ−gðxÞÞÞdx;

¼W1ðf;gÞ: (B-5)

This equality shows that in the case of nonpositive functions satisfy-
ing the mass conservation assumption, computing the one-Wasser-
stein distance through its simplified dual formulation is equivalent
to computing the one-Wasserstein distance extended to nonpositive
functions through the Mainini decomposition.

APPENDIX C

ADJOINT SOURCE COMPUTATION THROUGH
THE LAGRANGIAN APPROACH

For the sake of simplicity, we consider here the case of a unique
source Ns ¼ 1 because the generalization to an arbitrary number of
sources is straightforward by summation. We introduce the Lagran-
gian operator Lðm; u; dcal;r; λ; μrÞ as

Lðm; u; dcal;r; λ; μrÞ ¼
XNr

r¼1

WpðGσðdobs;rÞ;Gσðdcal;rÞÞþ

ðAðmÞus − bs; λÞþ
XNr

r¼1

ðRru − dcal;r; μrÞ: (C-1)

For u½m� solution of the wave-propagation problem 21 and dcal;r½m�
solution of equation 20, we have

Lðm; u½m�; dcal;r½m�; λ; μrÞ ¼ fðmÞ; (C-2)

and therefore

∂Lðm; u½m�; dcal;r½m�; λ; μrÞ
∂m

¼ ∇fðmÞ: (C-3)

Expanding equation C-3 yields

∂Lðm; u½m�; d½m�cal;r; λ; μrÞ
∂u

∂u½m�
∂m

þ
XNr

r¼1

∂Lðm; u½m�; dcal;r½m�; λ; μrÞ
∂dcal;r

∂dcal;r½m�
∂m

þ
�
∂A
∂m

usðx; tÞ; λ
�

¼ ∇fðmÞ: (C-4)

We define λ½m� and μr½m�, such that

∂Lðm; u½m�; d½m�cal;r; λ; μrÞ
∂u

¼ 0;

∂Lðm; u½m�; dcal;r½m�; λ; μrÞ
∂dcal;r

¼ 0; (C-5)

which yields

AðmÞ†λ ¼
XNr

r¼1

R†
rμr½m� (C-6)

and

μr ¼
∂WpðGσðdobs;rÞ;Gσðdcal;rÞÞ

∂dcal;r
: (C-7)

Equations C-6 and C-7 are related to a standard result in FWI: The
adjoint sources μr are given by the derivative of the misfit function
with respect to the calculated data. In this study, we focus on theW1

distance. Using its dual formulation, it can be computed as

W1ðGσðdobsÞ;GσðdcalÞÞ

¼ max
φ∈Lip1ðXÞ

Z
t

Z
x
φðx;tÞðdGσ

obsðx;tÞ−dGσ
calðx;tÞÞdxdt: (C-8)

We define the function

h∶ðφ; βÞ → hðφ; βÞ;
Lip1ðXÞ × C∞ðR2;Rþ� Þ → R; (C-9)

where

hðφ; βÞ ¼
Z
t

Z
x
φðx; tÞðdGσ

obsðx; tÞ − βðx; tÞÞdxdt: (C-10)

We introduce φ̄ðdcalÞ, such that for dcal ∈ RN

φ̄ðdcalÞðx; tÞ ¼ arg max
φ∈Lip1ðXÞ

hðφ;GσðdcalÞÞ; (C-11)

and the function qðdcalÞ, such that

q∶dcal → qðdcalÞ ¼ hðφ̄ðdcalÞ;GσðdcalÞÞ; RN → R:

(C-12)

From the above definitions, we have

qðdcalÞ ¼ W1ðGσðdobsÞ;GσðdcalÞÞ: (C-13)

We are interested in the expression of the derivatives of q with
respect to dcal. For any v ∈ RN, we have

qðdcalþvÞ ¼ hðφ̄ðdcalÞþ ∂φ̄ðdcalÞ
∂dcal

:v;GσðdcalÞþ∂Gσ ðdcalÞ
∂dcal

:vÞþ o
v→0

ðkvk2Þ: ðC�14Þ

From the bilinearity of h, we have
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qðdcalþvÞ¼ hðφ̄ðdcalÞ;GσðdcalÞÞþh

�
∂φ̄ðdcalÞ
∂dcal

:v;GσðdcalÞ
�

þh

�
φ̄ðdcalÞ;

∂GσðdcalÞ
∂dcal

:v
�
þ o

v→0
ðkvk2Þ: (C-15)

From the definition of φ̄ðdcalÞ, we have ∂φ̄ðdcalÞ∕∂dcal ¼ 0; there-
fore,

qðdcal þ vÞ ¼ qðdcalÞ þ h

�
φ̄ðdcalÞ;

∂GσðdcalÞ
∂dcal

:v
�

þ o
v→0

ðkvk2Þ: (C-16)

Expanding formula C-16 yields

qðdcalþvÞ¼qðdcalÞþ
Z
t

Z
x
φ̄ðdcalÞðx;tÞ

�XN
i¼1

vi
∂GσðdcalÞ
∂dcal;i

�
dxdtþ o

v→0
ðkvk2Þ;

¼qðdcalÞþ
XN
i¼1

vi

Z
t

Z
x
φ̄ðdcalÞðx;tÞ

�
∂GσðdcalÞ
∂dcal;i

�
dxdtþ o

v→0
ðkvk2Þ;

¼qðdcalÞþ
�
v;
Z
t

Z
x
φ̄ðdcalÞðx;tÞ

�
∂GσðdcalÞ
∂dcal

�
dxdt

�
þ o

v→0
ðkvk2Þ; (C-17)

where the scalar product in RN is denoted by h:; :i. From equa-
tion C-17, we see that

∂q
∂dcal;i

¼
Z
t

Z
x
φ̄ðdcalÞðx; tÞ

�
∂GσðdcalÞ
∂dcal;i

�
dxdt: (C-18)

In addition, we have

∂GσðdcalÞ
∂dcal;i

¼ 1

2πσxσtN
exp

�
−
ðt − tiÞ2
2σ2t

�

exp

�
−
ðx − dcal;iÞ2

2σ2x

�
x − dcal;i
2σ2x

; (C-19)

from where comes equation 28.
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