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SUMMARY

To mitigate the probem of cycle-skipping for FWI using sur-
face waves on an exploration scale, more robust misfit func-
tions based on alternative data domains have recently been pro-
posed. In this study simple synthetic inversion tests are used to
investigate the more robust behavior of these approaches com-
pared to the classical FWI approach. Misfit functions in the
w � p and the w � k domains are shown to be more robust
in the presence of cycle-skipping for very simple to complex
laterally varying models.

INTRODUCTION

The construction of subsurface velocity models is an ongoing
issue for oil & gas exploration. In complex terrain, such as re-
gions with topography or laterally varying shallow structures,
the imaging of deeper exploration targets may still be prob-
lematic due to the presence of groundroll. In such cases, an in-
novative characterization of near surface properties is needed,
and the inversion of surface waves, which sample this shallow
zone, appears to be essential to image deeper lying targets. Us-
ing Full Waveform Inversion (FWI) as a high-resolution imag-
ing technique, allows to extend beyond the 1D limitations of
more conventional surface wave imaging methods.

THEORY

A key feature of FWI is the misfit function that classically con-
siders the point-to-point difference between the observed data
and the calculated data, to provide high-resolution imaging us-
ing a local optimization approach. If the initial data do not
predict the observed data with an error smaller than half a pe-
riod, the optimization may get stuck in a local minimum due
to cycle-skipping (Mulder and Plessix, 2008).

The generic FWI formalism does not rely on a specific wave
type. In practice however, success with FWI has mainly ex-
ploited body waves under an acoustic approximation of wave-
propagation. Although some elastic FWI applications have
been performed using body waves, the use of surface waves
is still challenging (Brossier et al., 2009). Yet it appears that
if the kinematics predicted by the initial model are close to
the observed data, the diffraction of surface waves can provide
useful information (Bretaudeau et al., 2013).

In the case of slow surface waves propagating in the low veloc-
ity medium of the near surface, finding a sufficiently accurate
initial model is mandatory for avoiding local minima. Array
processing and lateral coherency of seismic arrivals could be
exploited to mitigate cycle-skipping, and more robust misfit

functions have been proposed with the aim to tackle this issue
(Masoni et al., 2013; Perez Solano et al., 2013).

Alternative misfit functions

The FWI misfit function is often defined as the L2 norm of the
difference between the observed and the calculated data in a
given domain, classically in t � x, leading to

Ct,x =
1
2
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�
�
�
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�2
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Alternative data domains may provide more robustness and
help approach the problem from a different point of view. In
this study, transformations associated with the t� p, w� p and
w � k domains are considered, giving the following functions
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Applying a linear moveout (LMO) to obtain data in the t � p
and w � p domains, and separating events by their slowness,
might allow the extraction of kinematic information more ro-
bustly. Furthermore the stacking involved in the transforma-
tion may also make the misfit function more efficient in the
presence of noise. Projecting data to the w � p and w � k
domains through the use of a Fourier transform may help to
explicitly consider frequency dependent dispersion effects. In
the frequency domain, the modulus of the data is considered.
This may make the misfit function insensitive to the phase of
the source wavelet, but should not limit the capacity of fitting
the kinematic properties contained in the data.

Gradient formulation

To minimize the misfit function and update the model, the gra-
dient needs to be computed. The adjoint-state method (Chavent,
1974; Plessix, 2006) is often used in FWI, as it is more effi-
cient than computing Fréchet derivatives. The adjoint states
correspond to a back-propagated field, the source of which is
directly linked to the choice of the misfit function. The devel-
opment of the gradient expression with a new adjoint source
formulation for the alternative misfit functions is described in
more detail in Masoni et al. (2014).

Derived from a Lagrangian formalism, the gradient for the
difference-based misfit in the t � p domain is

∂L

∂m
= [

∂A(m)

∂m
u(t)]†A(m)�†R† 1

rms
T †

⇣�
dobs(t,p)�dcal(t,p)

�⌘
, (5)

where T † =
P
p
(t = t � px) is defined.
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The projection operator R extracts the wavefield u(t) at the re-
ceiver positions, A represents the forward problem operator,
s(t) the source, and the subscript N implies data normalized
by the rms of each trace. This expression shows that all the
steps considered to compute the misfit are present in the ad-
joint source through their adjoint operator, allowing a physical
understanding of the adjoint source.

Appropriate formulations of the gradients for the w � p and
w � k domains are also derived (Equations 6 and 7). In these
domains the adjoint effect of taking the modulus of the data
adds a multiplication by the phase of the data. For the for the
w � p domain the gradient expression is
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where T †
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and for the w � k domain the gradient is
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Again the components of the gradient mirror the steps taken
to compute the misfit in the relevant domains, and the Fourier
transform applied to the data results in an inverse Fourier trans-
form applied to the adjoint source. Although the new adjoint
source expressions seem more complicated than in the classi-
cal FWI formulation, they only have a minor additional com-
putational cost compared to the wave-propagation modeling.

SYNTHETIC TESTS

Simple inversion tests are used to compare the robustness of
the alternative FWI approaches presented. To compute the
synthetic data, 2D elastic wave propagation is simulated using
a finite difference method. The focus of these tests is on the ex-
ploitation of the surface waves, which dominate the data with
the highest amplitude and are therefore also the main wavefield
component driving misfit minimization.

Homogeneous model

The first and most simplest test consists of a homogeneous ve-
locity model with shear velocity V s = 1200 m/s (Figure 2a).
The Vp and density parameters are also homogeneous, and
therefore no dispersion is present in the data, as shown in Fig-
ure 1a.

A land streamer-like acquisition is used, consisting of 16 sources
evenly spaced at 25 m intervals, each with a line of 36 re-
ceivers on the right-hand-side of the source that have a spacing
of 6.25 m. The receivers are both z and x component, and both

Figure 1: Synthetic data derived from the true homogeneous
model (a), the initial model (b), the difference between true
and initial (c), and the difference between true and the final
data from the result of FWI in the w � p domain (d). The final
data after FWI in the w � p domain is almost indistinguishable
from the true data at this scale and is therefore not plotted.

are used in the FWI. The source is a vertical Ricker wavelet
of 10 Hz peak frequency, and is assumed to be known in the
inversion. The first source location is at 0 m along the hor-
izontal axis of the model and the last source is at a distance
of 415 m. As all the model parameters are homogenous, any
lateral variations in the inversion results are most likely due to
the acquisition and site effects.

The initial model is also homogeneous but with a wrong veloc-
ity of V s = 1100 m/s (Figure 2b). In the inversion both Vs and
Vp are inverted for simultaneously and independently. The ini-
tial Vp/Vs ratio is true. However, there is no constrain on this
parameter during the inversion. Although this initial model is
relatively close to the true model, the small difference in veloc-
ity is large enough to create some cycle-skipping at far offset
as seen in Figure 1c.

The final Vs result after FWI is shown for each misfit function
in Figure 2. The results suggest that FWI using a misfit func-
tion in either the w � p or w � k domain is more robust, and
rather successful in recovering the true model. This result is
consistent with conclusions from sensitivity tests of these mis-
fit functions (Masoni et al., 2013; Perez Solano et al., 2013).
The two results are also very similar to each other, with the
only difference perhaps due to sampling issues.

With the classical FWI approach in the t � x domain, as well
as with FWI in the t � p domain, the velocity in the very near
surface is overestimated, and the velocity at depth underesti-
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Figure 2: True Vs model used to generate the synthetic data
(a); initial Vs model for FWI (b); and the resulting Vs models
after FWI in the t � x domain (c), the t � p domain (d), the
w � p domain (e), and the w � k domain (f).

mated to compensate. Furthermore for the t � p domain, the
anomaly on the right hand side of the model may perhaps be
explained by the acquisition scheme, as the last source location
is at 415 m. The inversion is stuck in a local minimum.

The recovered Vs models also illustrate that the depth sensitiv-
ity of the surface waves, which drive the misfit function and the
model update, is limited to around the top 40 m of the model.
The deeper part of the model is not correctly recovered.

The simultaneaus inversion of the Vp parameter is also equally
successful in the w � p and w � k domains, and the top 40 m
of the Vp model is correctly recovered, except for the edges of
the model due to a partial acquisition.

Laterally varying model

A second, more complex test is the FWI of a laterally varying
two-layer velocity model. In this test, the aim is the recon-
struction of a lateral and vertical velocity gradient in the first
layer to a depth of 20 m. The second layer is of homogeneous
velocity.

The acquisition simulated is a fixed-spread consisting of 24
vertical sources and 48 multi-component receivers evenly spaced
on the surface of the 600 m long model. The source is again
a vertical Ricker wavelet of 10 Hz peak frequency, and is as-
sumed to be known. The resulting dataset is shown in Figure
3a. The velocity gradient creates very complex surface waves
with dispersion effects and higher modes.

In this case, only the Vs parameter is inverted for, since sur-
face waves are most sensitive to it, while Vp and density, are
considered as known. The initial model for Vs contains a ho-

Figure 3: Synthetic data derived from the true laterally varying
model (a), the initial model (b), the difference between true
and initial (c), and the difference between true and the final
data from the result of FWI in the w � k domain (d). The final
data after FWI in the w �k domain is almost indistinguishable
from the true data at this scale and is therefore not plotted.
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Figure 4: Results for FWI in the w � k domain: data for a
single source shown in the w � k domain for the true model
(a), the initial model (b), the final recovered model after FWI
(c), and the difference between the true and the final (d).

mogeneous layer at the surface as shown in Figure 5b. The
depth of the 1st layer, and the velocity of the second layer is
known. The difference between the true data and the initial
data is large enough to cause cycle-skipping, especially at mid
to long offset, as can be seen in Figure 3c.

For the FWI results using both the t � x and t � p misfit func-
tions, no convergence and no updating of the Vs model is ob-
served. The vertical and lateral gradients are instead well re-
covered by FWI in the w � p and the w �k domains, as shown
in Figures 5c and 5d. The convergence for these two domains
has clearly moved in the right direction, despite the cycle skip-
ping present in the data. This stronger robustness may be ex-
plained by Figure 4, which displays how the data appear in
the w � k domain, where the optimization is performed. The
initial data are now better embedded in the true data, allowing
convergence. The optimization helps decrease the difference
between the true data and the final data after FWI in the w � k
domain, as can be seen in both the typical t � x plot (Figure
3d) as well as directly in the w �k domain (Figure 4d), further
illustrating the importance of the domain considered.

CONCLUSIONS

In this study, simple synthetic inversion tests are used to inves-
tigate FWI with misfit functions in alternative domains com-
pared to the classical FWI approach. Misfits in the w � p and
the w � k domains are shown to be more robust in the inver-
sion of surface waves, where the data is cycle-skipped. The
two very different inversion tests suggest that this conclusion
is valid for very simple to complex laterally varying models,
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Figure 5: True Vs model used to generate the synthetic data
(a); initial Vs model for FWI; and the resulting Vs models
after FWI in the w � p domain (c), and in the w � k domain
(d). Convergence in the classical t �x domain and in the t � p
domain stops after the first iteration without updating the Vs
model.

as well as various acquisition schemes. Furthermore, for the
simplest inversion test, the Vp parameter is also successfully
recovered for the near surface in an inversion mainly driven
by surface waves. This leads to promising perspectives for
the imaging of near-surface targets, and demands further in-
vestigations of the limitations of these more robust FWI ap-
proaches.

ACKNOWLEDGMENTS

The authors would like to thank TOTAL E&P for permission
to show these results. This work was produced using the CI-
MENT high-performance computing facilities (Université Greno-
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