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1Géoazur - CNRS - Univ Nice Sophia-Antipolis,2 LGIT - Univ Joseph Fourier

SUMMARY

It is well acknowledged that accounting for anisotropy in seis-
mic imaging improves focusing and depth positioning of re-
flectors. Indeed, at present day, seismic imaging of anisotropic
media still remains one of the most challenging problem in
exploration geophysics because of the possible coupling be-
tween the different anisotropic parameters. In this study,we
develop a frequency-domain full-waveform inversion (FWI)
method for imaging 2D visco-elastic VTI media from wide-
aperture data. Frequency-domain seismic modeling is per-
formed in VTI media with ahp-adaptive finite-element discon-
tinuous Galerkin (DG) method implemented on unstructured
triangular meshes that allows for accurate seismic modeling
in complex media with reflectors of arbitrary shape. The in-
version relies on a quasi-Newton algorithm which allows for
proper scaling of misfit-function gradients associated with dif-
ferent parameter classes. The model parameters are either the
P and S wave speeds on the symmetry axis and the Thomsen’s
parametersδ andε, or the stiffness coefficientsc11, c33, c13
andc44.

INTRODUCTION

Full Waveform Inversion (FWI) is a re-emerging method which
seeks to minimize the misfit between the recorded and the
modeled data to develop high-resolution quantitative models
of the subsurface (Virieux and Operto (2009) for a review).
Most of the recent FWI applications have been performed in
the framework of the acoustic (isotropic) approximation where
only the P-wave velocity is reconstructed. Only few attempts
have been made to reconstruct anisotropic parameters by FWI
from cross-hole and surface acquisitions (Ji and Singh, 2005;
Barnes et al., 2008; Pratt et al., 2008; Min et al., 2009). An
illustration of the footprint of anisotropy on FWI is illustrated
by synthetic example where the synthetic Valhall model is re-
constructed by acoustic isotropic FWI from anisotropic data.

In this study, we develop a 2D frequency-domain FWI method
for imaging visco-elastic transversely isotropic media with ver-
tical symmetry axis (VTI). The forward modeling is based on
a low-order finite-element DG method on unstructured trian-
gular meshes, that allows for accurate modeling of complex
wave phenomena in both onshore and offshore media (Brossier
et al., 2008). The VTI medium is either parameterized by four
stiffness coefficients or by the P and S wave speeds on the sym-
metry axis,VP0 andVS0, and the Thomsen’s parametersδ and
ε (Thomsen, 1986). Density and attenuation factorsQP and
QS are the other parameters which can be taken into account
in the modeling and inversion. We first review the basics of
frequency-domain FWI and the radiation pattern of each class
of anisotropic parameters in the framework of the ray+Born
approximation. Second, we present some preliminary FWI re-

sults that are interpreted in the light of the radiation-pattern
analysis. Thirdly, we present some examples of FWI with sim-
ple synthetic model. Results highlight the coupling between
the parameters and the difficulty of imaging theδ parameter
from surface data.

Finally we illustrate the footprint of anisotropy on FWI by re-
constructing the synthetic Valhall model with acoustic isotropic
FWI from anisotropic data

METHOD

Forward modeling of 2D VTI media is developed by frequency-
domain DG method, considering the frequency-domain first
order velocity-stress system in anisotropic media:
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where particle velocities (Vx,Vz) and stresses (σxx,σzz,σxz) are
unknown quantities. Thec11,c13, c33 and c44, are stiffness
coefficients for 2D VTI media,ρ is the density,ω is the an-
gular frequency, andi =

√−1 is the purely imaginary term.
Source terms are either point forces( fx, fz) or applied stresses
(σxx0,σzz0,σxz0). Absorbing boundary conditions are imple-
mented along the bottom, right and left edges of the com-
putational domain with Perfectly-Matched Layers (Berenger,
1994) while a free surface boundary condition or an absorbing
PML can be implemented on top of the model.
The medium is discretised on unstructured triangular mesh.
For each cell, the system of equations is multiplied by a test
function, corresponding to akth-order Lagrange polynomial.
The test function is nonzero only in the polygonal cell that en-
sures the discontinuous property of the scheme. The system of
equations is then integrated over each cell, which leads to the
so-called weak formulation of the system. Discretization of
the system with the DG method leads to a sparse linear system
Au = b for each modeled frequency, whereA is the so-called
impedance matrix,u is the velocity-stress wavefield vector and
b is the source vector. The system is solved with the massively
parallel direct solver MUMPS (Amestoy et al., 2006) for ef-
ficient multi-source modelling required by FWI applications.
Frequency-domain seismic modeling is performed in VTI me-
dia with ahp-adaptive finite-element DG method implemented
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on unstructured triangular meshes (Brossier et al., 2008).The
VTI medium is parameterized by the P- and S-wave veloci-
ties on the symmetry axis, the density, the attenuation factors
QP andQS and the Thomsen’s parametersδ andε (Thomsen,
1986). The wavefield that can be inverted are the horizontal
and vertical particle velocities and the pressure. The mini-
mization of theL2 misfit function is performed with a L-BFGS
quasi-Newton algorithm which provides an approximation of
the product between the inverse of the HessianH and the gra-
dient G of the misfit function (Nocedal and Wright, 1999).
The gradientG(n) is efficiently computed with the adjoint-state
method (Plessix, 2006):

Gmi =
n f∑

i f =1

ns∑
is=1

ℜ{utr} (2)

The gradient is formed by the product of the incident wave-
field u with the back-propagated adjoint wavefield r, defined as

r=∂At

∂mi
A−1ΛdataWd∆d∗. A is the impedance matrix (the for-

ward problem operator),t and∗ denote the transpose and con-
jugate operators, respectively,ℜ denotes the real part of a com-
plex number, andΛdata is an operator that projects the resid-
ual vector to the forward problem space (Pratt et al., 1998).
The radiation pattern of the scatterer associated with the pa-
rametermi describes the sensitivity of the data to the model
parametermi as a function of the aperture (or diffraction) an-
gle. Radiation pattern can be derived analytically in the frame-
work of high-frequency ray theory (see following section) or

numerically by computing the secondary virtual source∂At

∂mi
u

of the partial derivative wavefield . The radiation patternsfor
each parameter class are helpful to define the parameter classes
that can be reliably reconstructed by FWI.

RADIATION PATTERNS OF VTI PARAMETERS

The analytical expression of the radiation pattern of the VTI
parameters has been derived in the framework of the asymp-
totic ray+Born approximation by Calvet et al. (2006). The P-P
scattering coefficients for parametersα, δ andε are given by

WP→P
α = 1

WP→P
δ = 1

2 [sin2(ξ +∆ξ )cos2(Ψ+∆Ψ)
+sin2(Ψ+∆ψ)cos 2(ξ +∆ξ )]

WP→P
ε = cos2(Ψ+∆ψ)cos 2(ξ +∆ξ )

−cos2(Ψ+∆ψ)−cos 2(ξ +∆ξ )

(3)

whereΨ is the angle between the incident polarization vector
and the symmetry axis andξ is the angle between the scatter-
ing polarization vector and the symmetry axis (Figure 1).∆ψ
and∆ξ are the deviation angles made by the wave polarization
vector and the wave vector. The P-P scattering coefficients in
equation 3 represents the radiation pattern of the virtual source
∂At

∂mi
u, equation 2, in the framework of frequency-domain FWI

(Pratt et al., 1998).

Radiation patterns of each parameter classes are shown in Fig-
ures 2(a-g) for different incidence anglesΨ. At the stationary

Figure 1: Diffraction in VTI media.ps, pr: incident and scat-
tered polarization vectors;ns, nr: incident and scattered wave
vectors.S andR: source and receiver positions;x: diffractor.
θ : diffraction angle.ψ andξ : angles between the incident and
scattered wave vectors with the symmetry axis.ŝ: unit vector
along the symmetry axis.

points on the reference ray path (Ψ = ξ ), the P-P scattering
coefficients reduce to (Figure 2h)

WP→P
VP0

= 1; WP→P
δ =

(1
2

sin(θ )
)2

; WP→P
ε = sin4(θ/2)−1.

(4)

The radiation patterns shown in Figure 2h are representative of
a specular reflection in a VTI medium from a surface acquisi-
tion.

The radiation pattern ofVP0 is isotropic, whatever the incident
angleΨ is, and is the same as that ofVP in acoustic isotropic
media. For small values ofΨ, the radiation pattern ofε is
closes to that ofVP0, whatever the diffraction angleθ is. There-
fore, a strong coupling between these two parameters is ex-
pected when the incident wavefield propagates in the direction
close to the symmetry axis. AsΨ increases to 90o, the am-
plitude of the radiation pattern ofε decreases and vanishes for
diffraction angle of 90o and 270o. This suggests that for wide-
aperture surface acquisitions, parametersVP0 andε should be
reasonably well uncoupled at intermediate diffraction angles
(i.e., between 45 and 135o) (Figure 2h). The parameterδ does
not scatter energy at short and wide aperture when the inci-
dent wavefield propagates near the direction of the symmetry
axis. The highest sensitivity of the data toδ is reached at in-
termediate diffraction angles (i.e., between 45 and 135o). The
opposite behavior is observed for incident waves propagating
perpendicularly to the symmetry axis: the highest amplitude
of the radiation pattern is obtained at small diffraction angles
(i.e., 0-45o). The specular radiation pattern shows thatδ scat-
ters energy mainly at intermediate scattering angles (45o and
135o). At these angles, it seems difficult to uncouple the con-
tributions ofε andδ .

CANONICAL NUMERICAL EXAMPLE

We consider a circular anisotropic inclusion embedded in a ho-
mogeneous anisotropic background. The properties of the in-
clusion and the background medium are mentioned in Table(1),
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Figure 2: (a-g) P-P radiation pattern forVP0, δ andε and for
incidence anglesΨ ranging between 0o and 90o. h) P-P radia-
tion pattern forVP0, δ andε for specular angle.

density assumed to be constant as 1000 kg/m3 . Sixty explosive
sources and sixty two-components receivers are uniformly dis-
tributed on a circular acquisition geometry, the center of which
matches the center of inclusion, leading to a full acquisition
coverage in terms of incidence and aperture angles. Two fre-
quency components equal to 4 and 6 Hz are inverted. The P-
and S- propagated wavelengths at 6 Hz are 250 m and 166 m,
respectively. The radius of the inclusion is 50 m. The recon-
structed parameters in FWI areVP0, VS0, δ and ε. The four
parameter classes are reconstructed simultaneously (Figures
3a-d). VP0, VS0 andε are successfully reconstructed whereas
δ show unstable reconstruction although the ideal acquisition.
One can note the coupling betweenδ ( related toc13 stiffness
coefficient) andVP0, VS0 ( related toc33 andc44 ) in Thomsen’s
anisotropy parameters, to explain low amplitude of inverted δ
parameter.

Vp0(m/s) Vs0(m/s) δ ε
B/I 1000/1200 1500/1800 0.10/0.15 0.10/0.15

Table 1: Properties of the inclusion VTI medium reconstructed
by FWI, B= background and I=inclusion properties, respec-
tively.

ANISOTROPIC SYNTHETIC VALHALL MODEL

In this study we consider theVp synthetic Valhall model pro-
vided by BP, (Figure 4(a)). Presence of gas cloud on the top
of large sediments layer and the trapped oil underneath the
Chalk cap rock, is a good target for our inversion test. Low P-
wave velocity is the main property of gas cloud. We provided
anisotropic synthetic Valhall model benchmark by construct-
ing theδ andε models for proper layers, (Figures 4(b) and (c)).
We generated acoustic anisotropic numerical data by using DG
method presented above. We firstly did acoustic anisotropic

inversion of anisotropic data and we recover onlyVp model
parameter. Figure (5) shows the smoothedVp,δ andε models,
used as starting models for FWI. Smoothing was obtained with
a 2D Gaussian filter of horizontal correlation lengths 500m and
of vertical correlation, linearly increasing with depth, starting
from 25m at the water/solid interface, to 1000m at 5200m-
depth. Density is assumed to be constant during inversion. The
OBC acquisition geometry composed of 315 pressure sources,
located 6m below the water depth, spacing 50m horizontally.
315 hydrophone are located at depth of 70m on the sea bottom
for acoustic inversion. Five frequencies are involved in the in-
version, starting at 2 Hz up to 6 Hz. In figure 6(a), the result
of acoustic anisotropicVp parameter is shown, and the verti-
cal profiles of true, starting and inverted model at 8.125 and9
km offsets are shown in figures 6(c) and (d). For this test the
anisotropic parametersδ andε are fixed to smoothed model.
Then we did a second test and we made an isotropic inversion
of anisotropic observed data (Figures 6(b)). As it can be seen,
the anisotropic inversion of anisotropic observed data helps to
well reconstructVp parameter. This can be seen in more details
by plotting vertical velocity profiles (Figures 6 (b)-(d)).Below
2km-depth, until the top of cap rock, Thomsen’s parameters,
δ=0.05 andε=0.25, present high values. Only the anisotropic
inversion of anisotropic data (Figures 6(c) and (d)), can well
reconstruct the velocity model in this zone. Indeed, isotropic
inversion of anisotropic data (Figures 6(e) and (f)), provides
less well resolved results than anisotropic inversion. There-
gion between the cap rock and the reservoir presents weak
anisotropy,δ=-0.05 andε=0.0. Velocity model recovered by
isotropic inversion is not well constructed. This is probably
due to the effects of upper anisotropic layers. Anisotropicin-
version provides better results also in this part of model where
anisotropy is weak. Inversion of Thomsen’s anisotropic pa-
rameters will be performed in the next step of this study and is
proposed as future work.

DISCUSSION AND CONCLUSION

We have implemented a 2D frequency-domain FWI method
for imaging VTI media. The forward modeling is based on
a discontinuous Galerkin method on unstructured triangular
meshes. We have reviewed the radiation pattern of the anisotropic
parameters for the P-P scattering models which show the cou-
pling between the parameters as a function of the incidence
angle and the diffraction angle. Preliminary applicationsof
FWI for an ideal circular acquisition have highlighted param-
eter coupling during the reconstruction. Further studies are
required to define the optimal choice of parameters for FWI in
anisotropic media and the best hierarchic strategy to manage
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Figure 3: Imaging of an anisotropic inclusion from a circular
acquisition geometry by FWI. (a-d) All the parametersVP0(a),
VS0(b), δ (c) andε(d) are reconstructed simultaneously. Center
and right panels show vertical and horizontal logs for true (red)
and recovered (blue) models.

Figure 4: Synthetic Valhall true model, a)Vp, b) δ , and c)ε.

the different parameter classes during FWI.
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Figure 5: Smoothed synthetic Valhall models as initial model
for FWI, a)Vp, b) δ , and c)ε.

Figure 6: Imaging of synthetic P-velocity Valhall model, a)
acoustic anisotropic inversion of onlyVp using smoothedδ and
ε, with its vertical profiles at 8.125 and 9km offset,c) and d).
b) acoustic isotropic inversion of anisotropic data,and vertical
profiles at 8.125 and 9km offset, e) and f).
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