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SUMMARY
We present the finite-volume (FV or P0 Galerkin Discontinuous) formulation applied to the 3D visco-
elastic wave equation in the frequency domain. This work is motivated within the framework of global
offset seismic imaging by full waveform inversion. Concerning the direct problem, the FV formulation
leads to the resolution of a large and sparse system of linear equations. This system can be solved with a
direct solver particuraly suitable to tomographic applications since only one matrix factorization is
performed per frequency for all the right hand terms (i.e. the sources). On the other hand, direct solvers
require large amount of RAM and therefore restrict the possible field of realistic applications. The memory
complexity of the proposed method implies reduced size models spanning over several wavelengths. In
order to push back this limitation, the use of a higher order of interpolation, as Pk Galerkin Discontinuous,
should decrease the discretization step allowing coarser meshes leading to a possible managing situation.
Furthermore, the use of a domain decomposition method might reduce significantly the memory
requirements of the FV frequency domain approach.



Introduction
The simulation of wave propagation in complex medium has been efficiently approached with
finite-difference (FD) methods and applied with success to numerous physical problems since
the past decades. Nevertheless, FD methods suffer from some critical issues inherent to the
underlying Cartesian grid such as parasite reflexions in case of boundaries with complex topog-
raphy. Therefore and thanks to the ever increasing computation power, others methods have
focused a lot of interests. Concerning the 3D elastic seismic wave equation, we can mention
the finite-volume (FV) method (Dormy and Tarantola, 1995) and more recently the Galerkin
Discontinuous method (Dumbser and Käser, 2006). These approaches offer the possibility to
use meshes fitting almost perfectly complex topographies thus overcoming the staircase pattern
relative to FD methods.
We present here the FV formulation applied to the 3D visco-elastic wave equation in the fre-
quency domain. This work is motivated within the framework of global offset seismic imaging
by full waveform inversion (FWI) which has been proved to be efficient and stable in the fre-
quency domain (Pratt et al. , 1998). Concerning the direct problem, the FV formulation leads
to the resolution of a large and sparse system of linear equations. This system can either be
solved with a direct solver or an iterative solver (or even an hybrid approach). Direct solvers
are particuraly suitable to tomographic applications since only one matrix factorization is per-
formed per frequency for all the right hand terms (i.e. the sources) while the system has to be
solved for each source in the case of iterative solvers. On the other hand, direct solvers require
large amount of RAM and therefore restrict the possible field of realistic applications. In the fol-
lowing, we address the feasability of modelling 3D elastic wave in complex geological medium
with FV method in the frequency domain with the direct solver option. After introducing the FV
formulation we present some insights regarding the numerical cost versus the size of the studied
model. Finaly, we discuss the perspectives of the frequency domain formulation.

Finite Volume Formulation
The elastodynamic system (1) expressed in the frequency domain for an isotropic medium is a
first order hyperbolic system linking the components of the velocity vector ~v = (vx, vy, vz)t and
the components of the stress tensor ~σ = (σxx, σyy, σzz, σxy, σxz, σyz)t.
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The density of the medium is noted with ρ while λ and µ are the Lamé coefficients. In this
system appear the external force ~f = (fx, fy, fz)t. Moreover, we have introduced the Perfectly
Matched Layer conditions (Berenger, 1994) to avoid undesirable reflexions at the borders of
the numerical model. The damping coefficients sα and s′α (∀α ∈ {x, y, z}) are equals to 1 in
the medium and carry complex values in the surrounding PML layers. The finite-volume can
be seen as an interpolation of order 0, noted P0, in the Galerkin Discontinuous formulation. It
relies on a volume integration of the system (1) expressed with a divergence form (2) via the
introduction of functions ~F (~σ) and ~G(~v).

−iωρ~v =
−−−−−−→
div(~F (~σ)) + ~f

−iωΛ0~σ =
−−−−−−→
div(~G(~v)) (2)

Λ0 is a matrix containing the physical properties of the medium. The volume integration of (2)
is performed over a control cell Ki with the P0 Galerkin Discontinuous assumption that ~σ and
~v are constant in the whole cell volume. With these considerations we obtain the system (3),
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with Vi =
∫
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dv the volume of cell Ki, jεKi are the different cells j having a common inter-
face with cell i and Sij the surface of the interface between cells i and j. SijFij and SijGij

are respectively approximations of numerical fluxes of ~σ and ~v through the surface Sij . For the
estimation of these numerical fluxes, centered flux scheme is used for its good behavior against
numerical dispersion (BenJemaa et al. , 2007) while keeping conserved a discrete energy. Sys-
tem (3) becomes the following one,
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with ~nij the normal vector to the interface between cells i and j. Finally, we adopt the parsinon-
ious formulation in order to keep only velocity unknowns, as shown in the following expression
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where kεKj are the neighbour cells k of cell j. In the expression above, only unkwowns relative
to cells i and k are present, meaning that the adopted stencil takes into account the neighbours
of neighbours in the manner of a red/black scheme (Brossier et al. , 2007). Equation (5) can be
written as a linear system AX = B where A is the impedance matrix, X the velocity unknown
vector (vx1 , vy1 , vz1 ...vxn , vyn , vzn)t with n the number of cells in the model. B is the source
term (fx1 , fy1 , fz1 ...fxn , fyn , fzn)t. For the space discretization, we adopt a tetrahedral mesh
with a pattern of 5 tetrahedrons embeded in an elementary cube (figure 1.a) . With such mesh,
A is band diagonal and contains 39 non null coefficients per row (figure 1.b). If we consider a
mesh with N cubes along the 3 directions, the number of cells is 5N3, the rank of the matrix
is 15N3 and its bandwidth equals 30N2. The following section estimates the numerical cost to
solve this linear system with a direct approach.
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Figure 1: (a) Example of mesh with 5 elementary cubes along the 3 directions. Each cube
contains 5 tetrahedrons (4 located at non contiguous corners of the cube and 1 inside the cube).
(b) Impedance matrix relative to the mesh illustrated in (a). The rank of the matrix is 1875 and
its bandwidth equals 750.

Numerical cost
The resolution of the linear system is done with the massively parallel direct solver MUMPS
(Amestoy et al. , 2006) via a LU factorization. The amount of memory necessary to store the
LU factors corresponds to the filling of the band diagonal of A and thus is O(N5). Thanks
to a reordering of the matrix coefficients, the memory complexity of the factorization should
theorically be reduced to O(N4) (Ashcraft and Liu, 1998). The figure 2.a presents the effective
amount of memory allocated during computations for different model sizes. These computations
have been performed on a PC cluster with 192 processors and total of 400 GBytes RAM. With
this configuration, the memory required with N=55 is 352 GBytes and the elapsed time of
computation is about 2 hours for one source. The velocity field for one frequency is illustrated
in figure 2.b in the case of a punctual force along the x axis located in the middle of the model.
In this example, the size of the model is 900 meters which represents approximately twice the
longuest propagated wavelength (i.e. λP = 400m). Discretization is done with 10 cubes per
shortest wavelength (with λS = 200m cube size is 20m). The average ratio between the number
of LU factors and N4 fluctuates between 1000 and 1700 when N is increasing (figure 2.b).
These results have to be compared with the numerical cost of the 3D acoustic FDFD approach
where same ratio equals 35 with a cubic grid (Operto et al. , 2007). For similar numerical cubic
models, the factor between elastic and acoustic modelling in terms of RAM needs is about 50.

Conclusions and future works
The memory complexity of the proposed method implies reduced size models spanning over
several wavelengths. The future works will concern the possible options to push back this limi-
tation. The use of a higher order of interpolation, as Pk Galerkin Discontinuous, should increase
the number of coefficients of the impedance matrix and decrease the discretization step allow-
ing coarser meshes leading to a possible managing situation. Using a domain decomposition
method (Saad, 2003) might reduce significantly the memory requirements of the frequency do-
main approach.
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Figure 2: (a) Ratio between the number of LU factors and N4 for different model sizes with
MUMPS solver. (b) View of the component vx (real part) for N=55 at 10 Hz after removing the
PML layers for an homogeneous isotropic medium with VP = 4km.s−1 and VS = 2km.s−1.
Discretization is done with 10 cubes per the shortest wavelength to provide a good accuracy.
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