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ABSTRACT
Full-waveform inversion is re-emerging as a powerful data-fitting procedure for quan-
titative seismic imaging of the subsurface from wide-azimuth seismic data. This
method is suitable to build high-resolution velocity models provided that the tar-
geted area is sampled by both diving waves and reflected waves. However, the con-
ventional formulation of full-waveform inversion prevents the reconstruction of the
small wavenumber components of the velocity model when the subsurface is sampled
by reflected waves only. This typically occurs as the depth becomes significant with
respect to the length of the receiver array. This study first aims to highlight the limits
of the conventional form of full-waveform inversion when applied to seismic reflec-
tion data, through a simple canonical example of seismic imaging and to propose
a new inversion workflow that overcomes these limitations. The governing idea is
to decompose the subsurface model as a background part, which we seek to update
and a singular part that corresponds to some prior knowledge of the reflectivity.
Forcing this scale uncoupling in the full-waveform inversion formalism brings out the
transmitted wavepaths that connect the sources and receivers to the reflectors in the
sensitivity kernel of the full-waveform inversion, which is otherwise dominated by
the migration impulse responses formed by the correlation of the downgoing direct
wavefields coming from the shot and receiver positions. This transmission regime
makes full-waveform inversion amenable to the update of the long-to-intermediate
wavelengths of the background model from the wide scattering-angle information.
However, we show that this prior knowledge of the reflectivity does not prevent
the use of a suitable misfit measurement based on cross-correlation, to avoid cycle-
skipping issues as well as a suitable inversion domain as the pseudo-depth domain
that allows us to preserve the invariant property of the zero-offset time. This latter
feature is useful to avoid updating the reflectivity information at each non-linear iter-
ation of the full-waveform inversion, hence considerably reducing the computational
cost of the entire workflow. Prior information of the reflectivity in the full-waveform
inversion formalism, a robust misfit function that prevents cycle-skipping issues and
a suitable inversion domain that preserves the seismic invariant are the three key
ingredients that should ensure well-posedness and computational efficiency of full-
waveform inversion algorithms for seismic reflection data.
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INTRODUCTIO N

Full-waveform inversion (FWI) is a data-fitting procedure that
aims to reconstruct high-resolution velocity models (as well as
other parameters that govern wave propagation) of the sub-
surface from the full information contained in seismic data
(Lailly 1983; Tarantola 1984; Pratt and Worthington 1990;
Virieux and Operto 2009). FWI relies on the diffraction to-
mography principle (Devaney 1982; Wu and Toksöz 1987),
which states that in the framework of the single-scattering
approximation, the spatial frequency vector k sampled in the
image at a diffractor point is related to the local wavelength
and the scattering angle θ according to:

k = 2ω

c0
cos

(
θ

2

)
n, (1)

where ω is the angular frequency, c0 is the local wave speed
and n is the direction formed by the sum of the two slowness
vectors, which can be associated with the rays that connect
the source and the receiver to the diffractor point.

When a limited offset range with respect to the depth of
investigation is spanned by narrow-azimuth reflection acqui-
sition, only small values of θ are sampled by the acquisition
if the background model is smooth; namely, if it does not
generate back-scattering. In this case, only the high-(spatial)
frequency components of the subsurface model can be re-
trieved according to equation (1) (the spatial frequencies will
henceforth be referred to as wavenumbers, allowing a slight
abuse of language). This limited bandwidth reconstruction of
the wavenumber spectrum gives rise to the well-known scale
separation between the macro-velocity model built by trav-
eltime tomography or migration-velocity analysis and reflec-
tivity built by migration (Jannane et al., 1989). FWI aims to
fill this gap, by merging the velocity-model building and the
migration tasks into an integrated workflow when broadband
sources and wide-aperture acquisition systems are available.
Indeed, when these two conditions are satisfied, the redun-
dant influence of the frequency and the scattering angle on
the wavenumber coverage allows for continuous sampling of
a broadband of wavenumbers from the primary downgoing
wavefields, as shown by equation (1). When narrow-azimuth
reflection acquisition geometries are considered, only the high
wavenumbers are reconstructed from the primary wavefields
by conventional FWI, which behaves as a non-linear least-
squares migration. This dual behaviour of FWI was illus-
trated, for example, by an application to real wide-aperture
ocean bottom cable data from Valhall by Prieux et al. (2011):
a broadband velocity model was successfully imaged in the

first 1.5 km in depth above low-velocity gas layers, where
both diving waves and reflections sample the medium, while a
deep reflector below the reservoir level sampled by pre-critical
reflections shows a migration-like reconstruction.

To establish better-posed problems to retrieve the long
wavelength of the velocity model from reflected waves, several
approaches have been proposed based on image-domain opti-
mization, such as differential semblance optimization (Symes
and Carazzone 1991) and wave-equation migration veloc-
ity analysis (Sava and Biondi 2004). These approaches at-
tempt to maximize the focusing or coherency of the energy
in the image domain, instead of minimizing the data resid-
uals in the data domain. The coherency or focusing can be
measured in common-image gathers in angle, offset or in
extended-domains that are built during the migration. The
extra dimensions in the extended domain are either a time-
shift or subsurface offset-shift (Faye and Jeannot 1986; Sava
and Fomel 2006). The main drawback of these approaches
is the computational burden that is associated with the mi-
gration task and the building of the extended common-image
gathers at each iteration of the velocity update. This cost cur-
rently prevents the direct extension to three dimensions of
these approaches when seismic modelling is performed by
solving the two-way wave equation. In addition, the gener-
ally poor cross-line sampling of conventionally acquired seis-
mic data often precludes the construction of the extended
imaging condition in the cross-line direction, due to aliasing
effects (Zhou, Howard and Mifflin 2011). Recent applica-
tions of such image-domain and mixed image/data-domain
approaches have shown promising results (Yang and Sava
2011; Almomin and Biondi 2012; Biondi and Almomin 2012;
Sun and Symes 2012), although they remain limited to two-
dimensional geometries and rely on some approximations to
keep the computer cost affordable. Data-domain approaches
have also been proposed to mitigate non-linearities of classical
least-squares FWI formulation, such as migration-based trav-
eltime tomography (MBTT) (Chavent, Clément and Gòmez
1994; Xu et al., 2012). This method relies on a difference-
based data-fitting approach, although it still requires a migra-
tion step at each iteration. The governing idea relies on the
explicit decomposition of the subsurface model into a back-
ground part, which we seek to update and a singular part,
which is assumed to be known. Forcing this decomposition
explicitly in the inversion formalism allows the singular part
of the subsurface to be processed as primary sources in depth,
which brings out the transmission wavepaths from the reflec-
tors to the shots and receivers at the surface in the sensitivity
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kernel of the inversion. These transmission wavepaths feed the
inversion with wide-scattering angles, which are amenable to
the update of the long wavelengths of the subsurface that are
located between the buried sources and the surface, just as in
cross-hole waveform tomography.

Indeed, in this approach, a new reflectivity must be gener-
ated by migration according to the velocity update performed
at each non-linear FWI iteration and the two-step workflow
is iterated until the migrated image satisfies some focusing
criteria.

In this study, we use a simple numerical experiment of
seismic imaging to state the problem of velocity model build-
ing from short-spread reflection data by FWI. We first high-
light the intrinsic limits of the conventional form of FWI in
this context. Then, we show how prior knowledge of the re-
flectivity allows for a better-posed optimization problem. The
Appendix complements the numerical experiment with a more
formal consideration of the problem statement through an
analysis of the sensitivity kernels of frequency-domain FWI
and the derivation of the misfit function of the FWI when the
uncoupling between the macro-model and the reflectivity is
forced in the formalism. In spite of the improvement provided
by prior knowledge of the reflectivity, we also show how FWI
fails to converge to the correct solution if the reflectivity is
not updated at each iteration of the FWI. This prompts us
to reformulate the FWI in a suitable domain, in which seis-
mic invariants are preserved, such as zero-offset traveltimes
(Landa, Beydoun and Tarantola 1989; Snieder et al., 1989;
Plessix et al., 2012). In this case, the migration step at each
non-linear FWI iteration can be avoided, hence considerably
reducing the computational cost of the entire workflow. We
also show that all of these strategies do not prevent the use of
suitable misfit functions based on cross-correlations, to avoid
cycle-skipping issues (Luo and Schuster 1991; van Leeuwen
and Mulder 2010). A suitable functional, an adequate inver-
sion domain and relevant prior knowledge of the reflectivity
should be combined and these are the three key features that
constitute the proposed workflow of FWI of reflection data.

THEORY

The classical FWI problem attempts to minimize the differ-
ences between observed and computed data, in the least-
squares sense. This leads to the minimization of the following
misfit function:

Cdiff =
∑

h

∑
t

1
2

(
dcal (t, h) − dobs(t, h)

)2
, (2)

where dcal (t, h) and dobs(t, h) are the computed and observed
data, respectively, at time t and source-receiver offset h. An
implicit sum over the sources is also contained in equation
(2). The derivative of the misfit function with respect to the
velocity, i.e., the gradient of the misfit function, gives:

Gdiff =
∑

h

∑
t

∂dcal (t, h)
∂m

�d(t, h), (3)

where ∂dcal (t, h)/∂m is the Fréchet derivative of the data at
time t and at offset h and �d(t, h) is the data misfit at time
t and offset h. In practice, these derivatives are never explic-
itly computed and the gradient is directly computed with the
adjoint-state method (Plessix 2006).

van Leeuwen and Mulder (2008) introduced a weighted-
time cross-correlation misfit function that was defined as:

CXcor N =
∑

h

∑
τ

1
2

(
P(τ )Xcor N(τ, h)

)2

, (4)

where the function P(τ ) is a weighting/penalization function
and the variable τ is the time-lag of the normalized cross-
correlation function Xcor N(τ, h), defined as:

Xcor N(τ, h) =
∑

t dcal (t, h)dobs(t + τ, h)
||dcal (h)||||dobs(h)|| . (5)

We note that the proposed misfit function extends the zero-
lag-only cross-correlation of Routh et al. (2011). Therefore,
misfit function (4) can handle time (phase) delay that is larger
than half a period without any ambiguity.

Deriving the misfit function with respect to the velocity
gives the gradient of the time-normalized cross-correlation
misfit function:

∂CXcor N

∂mi
=

∑
h

∑
t

∂dcal (t, h)
∂mi

∑
τ

P(τ )2 Xcor N(τ, h)

×
(

dobs(τ + t, h)
||dcal (h)||||dobs(h)|| − Xcor (τ, h)dcal (t, h)

||dcal (h)||3||dobs(h)||
)

,

(6)

where we define the expression:

Xcor (τ, h) =
∑

t

dcal (t, h)dobs(t + τ, h). (7)

Note that this gradient can be computed at the same com-
putational cost as the classical gradient (equation (3)). Only
the source of the adjoint-state equation (i.e., the residual term
in equation (6)) needs to be modified (Tromp, Tape and Liu,
2005).

In the following experiments, these misfit functions and
gradient formulations are used in a two-dimensional time-
domain acoustic inversion algorithm, in which the bound
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constrained quasi-Newton optimization relies on the L-BFGS-
B method for both Hessian estimation and the line-search sat-
isfying Wolfe’s conditions (Byrd, Lu and Nocedal, 1995).

R E S U L T S

We consider a surface reflection acquisition geometry in a
square box of dimension 500 m × 500 m. The true subsur-
face model is composed of a homogeneous background model
with a velocity of 1500 m/s and a density of 1500 kg/m3, to
which we have added a density reflector at 340 m in depth.
The density along the reflector is 2500 kg/m3 (Fig. 1a,b).
Twenty-one explosive sources and 101 receivers are evenly
distributed all along the surface, with 25-m and 5-m spac-
ings, respectively. The twenty-one shot gathers are involved
in the inversion during all of the following tests, although
we illustrate the data fit with the first shot gather only (the
shot position at (x = 0, z = 0)). A Ricker wavelet of central
frequency 26 Hz is used to generate a data set for inversion.
The first shot gather shows the direct wave and the reflection
from the density-contrast reflector (Fig. 1c). The direct wave
is muted and only the reflected wave is considered for the in-
version (Fig. 1d). In all the following tests, the starting velocity
model is homogeneous with an overestimated velocity of 1800
m/s. During inversion, we only update the velocity either in
the depth domain or in the pseudo-depth domain, keeping the
density model fixed. We will use two different background
density models for FWI, with and without the reflector, to
highlight the benefit that is provided by prior knowledge of
the reflectivity in the FWI of the reflection data. All of the
results are displayed at the 15th iteration of the model update
or at convergence, if this is reached beforehand.

3.1 Inversion with no prior knowledge of the reflectivity

In the first test, the background density model that is used for
inversion is homogeneous, which means that no reflection is
generated by the starting subsurface model. In such a case,
only the difference-based inversion can be used, as the cross-
correlation misfit is zero in the starting model when the direct
arrival is muted. During the first iteration, the inversion be-
haves as a least-squares migration and generates a short-scale
velocity perturbation that mimics the impedance contrast of
the true subsurface model, in an attempt to match the re-
flected wave (Fig. 2a). However, this velocity perturbation is
mispositioned in depth, because the velocity in the starting
model is overestimated and the inversion of the short spread

reflection fails to update the long wavelengths of the velocity
model, because of the short scattering angles that are spanned
by the acquisition (equation (1)). During the next iterations,
the FWI probably attempts to update the long wavelengths
of the subsurface from the upgoing wavefields back-scattered
by the short-scale perturbation generated during the first iter-
ation (the role of the back-scattered waves generated by the
reflectivity during FWI of reflection data will be made clear
later in the study and in the Appendix). However, the velocity
reconstruction becomes trapped into a local minimum after
the first iteration, because of cycle-skipping issues on the one
hand and velocity-depth ambiguity on the other. The state-
ment that the FWI attempts to update the long-to-intermediate
wavelengths during the late iterations is supported by the fact
that the FWI clearly attempts to match the moveout of the
reflection hyperbola over the iterations, at the expense of the
short-offset branch of the reflection (compare the short-offset
and long-offset traveltimes of the reflection arrival computed
in the true model (Fig. 1d), in the initial model with the cor-
rect zero-offset time and the wrong moveout reflection (Fig.
1e) and in the final FWI model (Fig. 2b)).

3.2 Inversion with prior knowledge of the reflectivity

In the following tests, the density model contains the reflector
information. The correct value of the homogeneous density
background is known, as well as the density contrast that de-
fines the reflector. Our aim is to build a starting subsurface
model that generates a reflection in the modelled wavefield,
such that the reflection honours the zero-offset traveltime of
the observed data. The depth of the reflector in the density
model is therefore positioned at an erroneous depth of 410
m, with the true depth being 340 m according to the over-
estimated wave speed in the starting velocity model (1800
m/s). This density model could have been inferred from an
amplitude-versus-offset analysis or from a stack section com-
puted in the starting velocity model. The first shot-gather
computed in this starting model (Fig. 1e) shows the accurate
zero-offset traveltime of the reflection but the wrong moveout,
due to the erroneous velocity above the reflector.

A key change relative to the previous test (Fig. 2a,b) is
the presence of the reflector in the starting model, which com-
pletely modifies the sensitivity kernel of the waveform inver-
sion at the first iteration (Fig. 3a,b). Without prior knowledge
of the reflectivity, the kernel shows a high sensitivity at all
of the spatial positions, corresponding to a constructive cor-
relation of the downgoing wavefield emitted by the source
and the downgoing back-propagated wavefields emitted by
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Figure 1 (a, b) True velocity (a) and density (b) models. (c) Shot gather computed in the true model for the first shot located at (x = 0, z = 0).
(d) Same as (c), after the mute of the direct arrival. (e) Same as (d), with the shot gather computed in the subsurface model of the overestimated
velocity (1800 m/s) with the density reflector positioned at the correct zero-offset traveltime (hence, at the erroneous depth, according to the
velocity error).

the residuals of the reflected waves at the receiver positions
(Fig. 2a). Indeed, these spatial positions are distributed along
an isochrone surface in the framework of migration, along
which the arrival times of the incident wavefield and of the
back-propagated wavefields coincide.

When prior knowledge of the reflectivity is used, the sen-
sitivity of the waveform inversion along the isochrone surface
shown in Fig. 3(a) is augmented with two wavepaths that
connect the source and the receiver to the reflector (Fig. 2(b)).

In this setting, the reflectivity can be understood as a
back-scattering secondary source in depth that emits upgo-
ing waves towards the surface, where they are recorded by
the seismic sources and receivers. The first Fresnel zone of
these wavepaths (the central isochrone) describes the for-

ward scattering or transmission regime, which is amenable
to the update of the long wavelengths of the subsurface,
with a resolution given by the width of these first Fresnel
zones. In other words, the prior knowledge of the reflectiv-
ity allows for combining migration-like inversion of the re-
flection data and tomography-like inversion of the transmit-
ted waves using virtual (secondary) sources at the reflector
positions.

These concepts are described from a more formal view-
point in the Appendix, where the gradient of the misfit func-
tion for the update of the background model is developed
with the adjoint-state method when a reflectivity model is
assumed to be known. We show, in particular, how the ex-
plicit uncoupling between the background model and the
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Figure 2 (a) Final FWI velocity model inferred from the 1800 m/s starting velocity model, the homogeneous background density model and the
data-difference misfit. The 21 shot gathers are involved in the inversion. (b) First shot gather computed in the model in (a) after the muting of
the direct arrival. This modelled shot gather can be compared with the true shot gather shown in Fig. 1(d): the inversion remained locked in a
local minimum. See text for interpretation.
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Figure 3 Sensitivity kernels for the first source (x = 0 m) and the last receiver (x = 500 m) for the homogeneous density (a) and the density
model that contains the reflector at 410 m in depth (b).

reflectivity in the FWI formalism allows for the removal of
the migration wavepaths from the sensitivity kernel of the
FWI, to the benefit of the transmission wavepaths. This is
a key issue for realistic applications (i.e., a complex subsur-
face model with several reflectors), because the footprint of
the low-amplitude transmission wavepaths, which are gener-
ated by secondary sources at the reflector positions, is often
dominated by high-amplitude migration wavepaths, which are

generated by primary sources located at the shot and receiver
positions.

Figure 4 shows the results of the inversion using
difference-based and correlation-based misfit functions when
some prior knowledge of the reflectivity is set in a fixed-
density model, such that the zero-offset traveltime is hon-
oured. In this case, FWI failed to converge and stopped after
a few iterations. This convergence failure arises because as
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Figure 4 Final FWI velocity models and the corresponding first shot gather after the muting of the direct wave. The density model contains the
reflector at 410 m in depth. FWI was performed using the difference misfit (a,b) and time cross-correlation misfit (c,d) in the classical depth
domain. Note that in both cases the inversion stops converging after a few iterations.

soon as the inversion updates the velocities over the iteration
(Fig. 4a,c), the FWI would have needed the necessary degrees
of freedom to update the depth of the reflector in the density
model accordingly, such that the invariance of the zero-offset
traveltimes is preserved. Here, we kept the density model fixed
because we want to avoid performing migration at each FWI
iteration. This is the main reason for the failure of the conver-
gence in conjunction with the cycle skipping associated with
inaccurate wave speeds. It is worth stressing the differences
between the modelled data that were generated from the final
FWI models obtained when the density model does or does
not contain the reflector (Fig. 4b and Fig. 2b, respectively). In
the first case, the short-offset data are matched because the
inversion is ‘frozen’ by the prior information of the reflectiv-
ity in the density model, which honours zero-offset reflection.
The match of the short-offset data is preserved at the expense
of the match of the long-offset data, which is relatively poor
(Fig. 4b). In the second case, the reflectivity was generated
close to the first iteration, to match as well as possible the
reflection in an average sense. During subsequent iterations,
it appears that the inversion was mostly driven by the trans-
mission wavepaths that were generated by the wave speed
reflectivity during the first iteration, as suggested by the better
match of the long-offset reflection relative to that of the short
offset (Fig. 2b).

The cross-correlation misfit function (Fig. 4c,d) leads to
a much better kinematic fit and in particular at long offsets,
probably because the inversion was not hampered by cycle-
skipping issues. However, the FWI failed to generate a satis-
fying velocity model, as the inversion was steered towards the
update of the long velocity wavelengths without the possibility
of updating the depth of the reflectivity accordingly.

3.3 Depth versus pseudo-time domain for Full-waveform
inversion of reflection data

The previous experiment failed to converge to the true ve-
locity model because of the inconsistency between the ve-
locity model and the fixed reflectivity for the matching of
the recorded reflected wavefield over the FWI iterations. Re-
call that the reflector in the background density model was
positioned at a depth such that the zero-offset traveltime of
the reflection computed in the starting velocity model and in
the background density model matched that of the observed
reflection computed in the true subsurface model. As long as
the velocities of the FWI model are updated, this zero-offset
traveltime match is not satisfied anymore if the reflector in the
density model is not updated accordingly.

As already mentioned, one remedy would be to estimate
the reflectivity from impedance analysis or migration after
each iteration of the velocity update (Chavent, Clément and
Gòmez 1994; Xu et al., 2012). Another solution, which is
chosen here to avoid the computational burden that results
from migration, is the performing of the inversion in an al-
ternative domain. The vertical traveltime domain, which was
also called the pseudo-time by Plessix et al. (2012), was pro-
posed by Alkhalifah, Fomel and Biondi (2001) for seismic pro-
cessing in anisotropic media and Ma and Alkhalifah (2011)
formulated a modelling technique directly in this alternative
domain. The idea of exploiting the invariant properties of
seismic data for velocity model building was first proposed
by Landa, Beydoun and Tarantola (1989) and was exploited
later by Snieder et al. (1989). This pseudo-time domain allows
the velocity/depth ambiguity of the classical seismic process-
ing to be better dealt with, by exploiting seismic invariants,
such as the zero-offset traveltime. In the pseudo-time domain,
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Figure 5 FWI in the vertical time (pseudo-depth) domain. (a,b) Final FWI velocity (a) and density (b) models obtained with the difference misfit.
The FWI was trapped in a local minimum because of the initial inaccurate wave speed, which leads to a mispositioning in depth of the reflector
in the density model. (c) First shot gather computed in the final FWI model of (a,b). The FWI failed to match the moveout of the reflection. (d,e)
As for (a,b) for the time cross-correlation misfit. The time cross-correlation misfit function allows us to overcome the cycle-skipping issue: the
wavespeed was successfully updated, which leads to the correct positioning in depth of the density reflector. (f) First shot gather computed in
the final FWI model of (d,e). The reflection is matched over the full range of offsets. The FWI models are shown in the depth domain but the
inversion was performed in the vertical time domain.

a change of variable transforms the local depth (z) coordinate
along the vertical axis into a local zero-offset vertical trav-
eltime (τ ). Denoting the velocity in the vertical direction by
v(z) at a given horizontal position, the vertical traveltime is
defined as:

τ =
∫ z

0

dz′

v(z′)
. (8)

Conversely, the expression of the depth z as a function of the
pseudo-depth-domain velocity ṽ(τ ) is given by:

z =
∫ τ

0
ṽ(τ ′)dτ ′. (9)

Plessix et al. (2012) showed that it is possible to avoid formally
deriving the gradient of the misfit function in the τ domain.

Instead, he proposed to use the chain rule of the derivatives
to infer the gradient of the misfit function in the τ domain
from the gradient of the misfit function in the depth domain,
through the expression:

∂C
∂ṽ(τi )

= ∂C
∂v(zi )

−
∫ zmax

zi

1
v(z′)

∂v(z)
∂z

∂C
∂v(z)

dz. (10)

This chain rule allows the gradient of the misfit function in the
τ domain to be implemented in a relatively simple way, from
the existing modelling and inversion tools in the depth do-
main: the gradient in the depth domain ∂C/∂v(zi ) is first com-
puted with usual depth-domain tools and then implemented in
equation (10) to retrieve the pseudo-depth gradient ∂C/∂ṽ(τi ).
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Plessix et al. (2012) showed the interest in the use of
FWI in the pseudo-time domain to deal with the veloc-
ity/depth ambiguity, when initial models are derived from
reflection tomography and already contain large velocity
contrasts.

Figure 5 shows the inversion results in the vertical travel-
time domain τ . Note that the results are plotted in the depth
domain, but the inversion is performed in the τ domain. In
this case, the difference-based misfit function fails to converge
to the true velocity model, as the inversion is hampered by
cycle skipping at intermediate and long offsets, due to the
wrong moveout of the reflection computed in the starting
model (Fig. 5a–c). In contrast, the inversion performed with
the cross-correlation-based misfit function in the τ domain
succeeds in decreasing the velocity to the true value of 1500
m/s above the reflector (Fig. 5d–f). As the density model was
kept fixed during the inversion in the τ domain, the depth
of the reflector was modified in the density model after time-
to-depth conversion according to the velocity update found
by the inversion. This update of the reflector position pre-
serves the zero-offset traveltimes, hence moving the reflector
to its correct position as the velocities become more accurate.
Please note that even if we force the zero-offset traveltime to
be matched in the pseudo-time domain, a robust measure of
the error to avoid cycle-skipping artefacts remains necessary.
Indeed, we show that cycle-skipping artefacts occur when the
difference-based misfit function is used and when the starting
model is not accurate enough to predict the moveout of the
reflection with an error that does not exceed half of the dom-
inant period. The same issue remains when the inversion is
performed in the depth domain and the reflectivity is updated
at each iteration, as proposed by Xu et al. (2012).

DISCUSS ION AN D C ON C L USI ON S

This study proposes a robust and computationally efficient
wave-equation-based seismic inversion workflow for velocity-
model building from reflection data. The seismic workflow
combines the following three critical key ingredients: (1)
prior knowledge of the reflectivity, which allows to com-
bine a migration-like imaging problem with a transmission-
like imaging problem. The transmission regime is necessary,
to make the inversion sensitive to the large wavelengths of
the subsurface; (2) a robust correlation-based misfit function,
which avoids cycle-skipping issues; and (3) a suitable inver-
sion domain, which preserves seismic invariants, such as zero-
offset traveltimes and hence performing reflectivity updates
over inversion iterations is not required as the velocity model

is updated. This domain is obtained by transforming the depth
coordinate into the vertical traveltime.

The recent developments in acquisition design and
processing to obtain broadband seismic data should re-
lax the requirement of such robust misfit measurements,
if cycle-skipping can be avoided. However, the prior
knowledge of the reflectivity and the pseudo-time do-
main should remain necessary to exploit the reflected
waves.

Even if beyond the scope of this study, the construction
of the short-wavelength reflectivity model is a critical step.
Amplitude-versus-offset analysis can be used for some
applications, although it can also be problematic for shallow
targets on which the direct waves strongly interfere with the
reflected waves. Depth or time migration can also be used to
delineate the reflectivity, although the focusing can be limited
for strongly erroneous velocity models or complex targets.
We could also rely on a classical FWI formalism to retrieve
the impedance parameter in the depth domain, assuming
a known velocity background. The choice of the method
should be application-dependent and deserves a dedicated
study.

It is well known that cross-correlation functions suf-
fer from cross-talk when applied to multi-arrival data. The
cross-correlation should therefore be applied to appropri-
ate domains where the arrivals can be separated. To keep
computer costs low, the data-domain separation can involve
hyperbolic and/or nonhyperbolic moveout corrections and
slant-stack and/or double slant-stack on the source and re-
ceiver sides (double beamforming). Alternative error measure-
ments such as dynamic warping can also be investigated, as
this has been shown to provide robust results with multi-
arrival seismic data (Hale 2012, 2013). Of course, the price
of migration can be paid to separate the data directly in the
image domain, and to link this study with image-oriented
approaches.
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APPENDIX.

GRADIENT OF FUL L- WA V E FOR M
INVERSION M I SF I T FUN C T I ON S WI T H
PRIOR K NOWLEDGE OF T H E
REFLECTIVITY

In this Appendix, we first clarify why explicitly forcing
the separation between the background model and the reflec-
tivity in the FWI formalism is important to build a suitable sen-
sitivity kernel for the inversion of reflection data for realistic
applications. We then derive the gradient of the misfit func-
tion for the background model update with the Lagrangian
formulation of the adjoint-state method.

Let us first consider the sensitivity kernel of the FWI
for monochromatic Green functions when the background
model is homogeneous (Fig. A1b). This sensitivity kernel (or
wavepath, to follow the terminology of Woodward (1992) is
computed by multiplying the background wavefields coming
from the shot and receiver positions and it represents the iso-
phase or iso-time surfaces on which a data residual recorded
at an arbitrary traveltime would be back-projected. Indeed,
when the wavepath is built from monochromatic Green func-
tions (i.e., for a sinusoidal time excitation of infinite support)
(Fig. A1a), the sensitivity kernel contains the iso-phase sur-
faces that are associated with all of the traveltimes, hence
providing the complete picture of the resolution power car-
ried out by all of the arrivals in the seismogram (Fig. A1b). At
shallow depths, the sensitivity kernel represents the first Fres-
nel zone associated with the forward-scattering regime: all of
the diffractions generated in this Fresnel zone constructively
interfere with each other to build the first arrival. Conversely,
first-arrival residuals are back-projected onto this first Fresnel
zone during transmission tomography. The broad width of the
first Fresnel zone makes the tomography-like FWI amenable
to update to the long-to-intermediate wavelengths of the sub-
surface from the wide-aperture components of the data. The
maximum depth sampled by the first Fresnel zone is con-
trolled by the lowest frequency of the source and the max-
imum source-receiver offset and it rarely reaches the depths
of the deepest targeted structures. For significant depths with
respect to the source-receiver offset, the outer fringes of the
sensitivity kernel represent secondary Fresnel zones (referred
to as migration wavepaths, or isochrone surfaces in this study)
that are associated with the back-scattering regime: all of the
diffractions generated along an isochrone surface construc-
tively interfere with each other to build a reflection arrival.
Conversely, the reflected arrivals are back-projected onto the
corresponding isochrone surface during migration. The width

of these isochrones, equation (1), highlights the resolution of
the migration-like FWI in the spatial direction �n perpendicular
to the isochrone surface (the vertical direction in the case of
a flat reflector). As the width of the isochrones is relatively
limited and decreases with depth as the scattering angle de-
creases for a fixed source-receiver offset, the long wavelengths
of the subsurface cannot be updated in the deep part of the
subsurface.

As FWI proceeds over non-linear iterations of reflection
data, short-wavelength components are superimposed on the
smooth background model through the migration process un-
derlying FWI. The sensitivity kernel of the FWI is then modi-
fied accordingly. If we assume now that the background model
is composed of a homogeneous background model plus a re-
flector, the full sensitivity kernel (Fig. A1d) is formed by the
primary sensitivity kernel (Fig. A1b) plus a secondary sen-
sitivity kernel that results from the seismic response of the
reflector. This secondary sensitivity kernel is built on the one
hand by the multiplication of the background wavefield com-
ing from the shot position with the scattered wavefield com-
ing from the receiver position and on the other hand by the
multiplication of the incident background wavefield coming
from the receiver position with the scattered wavefield com-
ing from the shot position. This secondary sensitivity kernel
is amenable to the update of the long-to-intermediate wave-
lengths of the subsurface, because it is formed by transmitted
wavepaths from the reflector to the surface, just as in cross-
hole tomography. A key issue is that this secondary sensitivity
kernel is generally dominated by the primary sensitivity ker-
nel (the difference between Fig. A1b and Fig. A1d represents
the footprint of this secondary sensitivity kernel), because the
amplitudes of the direct wavefields (Fig. A1a) are significantly
higher than those of the reflected wavefield (Fig. A1d). Extrac-
tion of the secondary sensitivity kernel from the full sensitivity
kernel through the subtraction of the primary sensitivity ker-
nel of Fig. (A1b) from the full sensitivity kernel of Fig. A1(d)
highlights more clearly the resolution power of the informa-
tion carried by the depth-to-surface transmitted wavepaths
(Fig. A1f). The resulting wavepath is dominated by the first
Fresnel zones associated with a set of virtual sources located at
the reflector, and virtual point receivers located at the shot po-
sition and at the real receiver position, respectively. Note also
that the outer fringes of the wavepath should also make FWI
amenable to the high-resolution imaging of steep reflectors,
such as the flanks of salt domes.

This description highlights the key role of some prior
knowledge of the reflectivity in the background model of
the FWI, as secondary sources in depth to update the
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Figure A1 Transmission wavepath versus migration wavepath. (a) Monochromatic wavefield in a homogeneous background model. (b)
Wavepath (sensitivity kernel of the FWI) computed by multiplication of the shot monochromatic wavefield (a) and a receiver monochro-
matic wavefield for a source located at (x,z) = (80 km,15 km) (not shown in the figure). The red dashed line and the Green dashed line delineate
the first Fresnel zone and an isochrone surface, on which the first-arrival residuals and the reflection residuals are back-projected during the
FWI. (c) Monochromatic wavefield computed in the homogeneous background model, to which a flat reflector (thick Green solid line) at 38 km
in depth was added. The monochromatic wavefield contains the direct wavefield (a) and the reflected wavefield. (d) Monochromatic wavepath
computed in the homogeneous background model with the reflector. A comparison between (b) and (d) highlights the weak footprint of the
wavepaths generated by a virtual secondary source that is located at the reflector position. (e) Reflected wavefield for a source located at the
receiver position the amplitudes of which are significantly smaller than those of the primary wavefield (a). (f) The two secondary wavepaths
generated by the virtual secondary source located at the reflector position are shown (see text for details). The dashed line delineates the first
Fresnel zone of the wavepath, computed by multiplying (a) with (e).

long-to-intermediate wavelengths of the subsurface and also
the difficulty associated with the extraction of this second-
order information from the full sensitivity kernel of the FWI.

The trick to filter out the footprint of the high-amplitude
migration wavepath from the full wavepath, to bring out the
transmission wavepath in the sensitivity kernel of the FWI,
is to assume that the reflectivity is known and to minimize
the misfit function for the update of the background model

(e.g., Xu et al., 2012). This scale separation between the back-
ground model and the reflectivity is at the heart of most seis-
mic reflection processing.

Let us now derive the gradient of the misfit function of
the reflected wavefield under the above-mentioned assump-
tion. We use the adjoint-state method to derive the expres-
sion of the gradient of the misfit function following the La-
grangian formulation reviewed in Plessix (2006). All of the
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developments are performed with a matrix formalism in the
frequency domain for one source and one frequency, for the
sake of compactness and simplicity. Similar expressions can be
derived for multiple frequencies (or in the time domain) and
multiple sources in a straightforward way, by summing the
elementary contribution of each frequency and each source.

Let us consider the least-squares misfit function C given
by the expression:

C = 1
2

‖δdcal − δdobs‖2, (A1)

where δdcal is the modelled reflection data and δdobs is the
recorded reflection data at all receiver positions. We use the
single-scattering Born approximation to derive the expression
of the modelled reflection wavefield δdcal from the known
reflectivity δm:

A(m0)δucal ≈ −(A(m0 + δm) − A(m0))u0, (A2)

where the background wavefield u0 is the solution of the wave
equation for the incident source s located at the shot position:

A(m0)u0 = s. (A3)

The matrix A in equations (A2) and (A3) is the two-way wave-
propagation operator: its coefficients depend on frequency
(not written here) and on the background model m0.

We have δdcal = Rδucal , where R is a sampling operator
that extracts the values of δucal from the modelling space to
the receiver positions in the data space. The term (A(m0 +
δm) − A(m0)) represents the reflectivity. For example, let us
consider the scalar time-harmonic wave equation written as:

(
ω2m + �)

u = s, (A4)

where the model parameter m is the squared slowness and u is
the pressure wavefield. For the squared-slowness parametriza-
tion, the term (A(m0 + δm) − A(m0)) reduces to ω2δm. In the
following, (A(m0 + δm) − A(m0)) will be substituted by ω2δm.

The Lagrangian, i.e., the augmented misfit function, is
given by the equation:

L(m0, u0,δucal , δdcal , a1, a2, a3)

= 1
2

‖δdcal − δdobs‖2

+ 	 < a1|A(m0)u0 − s >

+ 	 < a2|A(m0)δucal + ω2δmu0 >

+ 	 < a3|δdcal − Rδucal >, (A5)

where fields a1, a2 and a3 are the adjoint-state variables that
are associated with three state equations. The first state equa-
tion governs the propagation of the wavefield u0 emitted by
the seismic source s in the background model: equation (A3).
The second state equation computes the modelled reflection
wavefield δucal from the incident wavefield u0 with the Born
approximation: equation (A2). The third state equation ex-
tracts the modelled data from the modelled wavefield at all of
the receiver positions.

The adjoint-state equations are ∂L/∂δdcal = 0
∂L/∂δucal = 0 and ∂L/∂u0 = 0. After noting that the
variable a3 reduces to the assemblage of the data residuals,
the wave equations satisfied by the adjoint-state variables a1

and a2 are given by:

A(m0)a∗
2 = Rt(δdcal − δdobs)

∗, (A6)

A(m0)a∗
1 = ω2δm†a∗

2. (A7)

As shown by equation (A6), the variable a2 is the usual back-
propagated residual wavefield from the receiver positions.
The operator Rt projects the residual δdcal − δdobs defined in
the data space to the modelling space. This back-propagated
wavefield is multiplied by the reflectivity δm in the right-hand-
side term of equation (A7), hence describing a source term
where the spatial support coincides with the reflectivity and
where the temporal support is the arrival time of the incident
wavefield at the reflector position.

Remembering that δm does not depend on m0, the gra-
dient of the misfit function with respect to m0 is given by the
expression:

∇C = 	
{

ut
0

(
∂ A(m0)

∂m0

)t

a∗
1

}
+ 	

{
δut

cal

(
∂ A(m0)

∂m0

)t

a∗
2

}
,

(A8)

which can be simplified as:

∇C = ω2	 {
ut

0a∗
1 + δut

cala
∗
2

}
, (A9)

if we note that ∂ A(m0)/∂m0 = ω2, where A is given in equation
(A4) and the model m0 is parametrized by the square of the
slowness.

The first term in the gradient describes the zero-lag corre-
lation between the background incident wavefield u0 emitted
by the seismic source s from time 0 s (Fig. A1a) and the
adjoint-state wavefield a1, which is scattered upwards from
the reflector position from the arrival time of u0 at the reflec-
tor position (Fig. A1e). The second term describes the zero-lag
correlation between the scattered wavefield δucal emitted by
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the reflectivity δm from the arrival time of u0 at the reflector
position, and the background residual wavefield a2, which is
back-propagated in space from the receiver positions and in
time from the recording time of the reflected wavefield.

The two terms of the gradient just described, as in equa-
tion (A9), correspond to the two sensitivity sub-kernels shown
in Fig. A(1d) in which the imprint of the migration isochrones
(Fig. A(1b) has been explicitly filtered out, to bring out the
wavepaths that are useful for the purpose of updating the
background model.

In this Appendix, for the sake of simplicity, we choose
to model the reflection wavefield with the single-scattering
Born approximation. An alternative is to model the full scat-

tered wavefield, to account for internal multiples with the
scattered-field formulation (i.e., Pageot et al., 2013). This
simply amounts to replacing A(m0) by A(m0 + δm) in the left-
hand-side of equation (A2).

Note that we implement the numerical experiments
shown in the main body of the text with the conventional
form of FWI (i.e., without forcing the explicit uncoupling
between m0 and δm in the formalism), for the sake of simplic-
ity. This does not question the conclusions of the numerical
experiment, because the impedance contrast along the unique
reflector is sufficiently sharp to make the contribution of the
transmission wavepath significant in the sensitivity kernel rel-
atively to the migration wavepath (Fig. 3).
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