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SUMMARY
Full Waveform Inversion is an appealing technique to derive Earth subsurface models. With the
development of modern HPC architectures, FWI implementations should benefit from the available
computing power. In this study, after a review of time and frequency-domain FWI formulations based on
time-domain solver for the forward problem, we discuss the theoretical computational complexities of
major steps required to build the FWI gradients. It appears that some significant steps are common to both
inversion domain, while other steps remain specific. Some experimental values coming from a real 3D
FWI application confirm this theoretical analysis, and show that efficient FWI implementation should
focus on all these significant steps for an overall speed up.



Introduction
Full Waveform Inversion (FWI) is an appealing technique to retrieve quantitative high-resolution mod-
els of the subsurface (see Virieux and Operto, 2009, for a review). FWI relies on a local optimization
problem that tries to minimize differences between observed and simulated seismic data. The misfit
function can be formulated either in the time-domain or in the frequency-domain. A necessary ingre-
dient to perform optimization is the gradient of the misfit function, estimated efficiently by an adjoint
technique (Plessix, 2006). This gradient involves the solution of two forward seismic simulations: one
for the incident wavefield and one for the back-propagated adjoint wavefield.

When considering time-domain forward problem, we can still consider the two domains to perform
inversion : the natural time-domain or the frequency-domain after transforming the time-domain fields
to the frequency-domain as proposed by Nihei and Li (2007); Sirgue et al. (2007). On the one hand,
time-domain FWI takes benefit of all the time-domain processing that can be applied to observed and
computed data prior inversion, such as surgical windowing and/or weighting to favor some arrivals.
On the other hand, when acquisition is sufficiently dense, frequency-domain FWI allows to decrease
significantly the complexity of processed data by considering only few frequencies required to sample
the missing wavenumber spectrum of the model.

In this study, we describe time-domain and frequency-domain FWI based on time-domain forward
solver, compare and discuss their algorithmic complexity and bottlenecks for efficient implementation
on large scale HPC platforms. We will finally show performance on a real 3D FWI application on the
Valhall field.

Theory
We first start from the time-domain wave-equation written in the generic form

∂tu(x, t)−N(m(x))H(∇)u(x, t) = s(x, t), (1)

where u(x, t) is the wavefield unknown formed by particle velocity and stress components. The operator
N(m) depends on physical properties only and H(∇) is related to spatial derivatives. This expression,
coming from Burridge (1996), allows to write the wave-equation as a first-order (implicit) symmetric
hyperbolic system even for general anisotropic media, which is quite appealing to derive adjoint formu-
lation as the forward operator is self-adjoint :

N−1(m(x))∂tu(x, t)−H(∇)u(x, t) = N−1(m(x))s(x, t). (2)

Discretization of equation (1) is achieved by an explicit time-marching algorithm. We consider here the
VTI anisotropic acoustic wave-equation with a staggered-grid finite-difference (FD) formulation, where
the time-derivative is discretized by a second-order leap-frog scheme while the spatial derivatives are
discretized by a staggered-grid 4th or 8th order FD schemes (Fornberg, 1988). CPML (Komatitsch and
Martin, 2007) absorbing layers are implemented on edges of the simulation box while a flat free surface
condition is considered on top.

We can then naturally derive the time-domain FWI gradient expression as

G (x) =
∫

T
dtλ T (x, t)

∂N−1(m(x))
∂m

∂tu(x, t), (3)

where λ (x, t) is the adjoint wavefield which satisfies a similar equation than 1 with a specific source
term.

Assuming the simulation of both u(x, t) and λ (x, t) have reached the steady state, we can compute
their Fourier transform, leading to the frequency-domain solution u(x,ω) = Fωu(x, t) and λ (x,ω) =
Fωλ (x, t), where Fω is the Fourier operator to extract frequency ω . Considering these frequency-
domain solutions available, we can rely on a frequency-domain FWI gradient, which is equivalent to
equation (3) if steady-state has been reached :

G (x) = ∑
ω

−iωλ
T (x,ω)

∂N−1(m(x))
∂m

u(x,ω). (4)
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Algorithm 1 Algorithm of the time-domain gradient computation
1: for it = 1 to nt do
2: update incident field u(x, t) in forward time + store (in memory) fields on boundaries
3: extract solution at receivers through Hicks (2002) interpolation
4: end for
5: Misfit function and residuals computations
6: for it = 1 to nt do
7: compute the adjoint source term through Hicks (2002) interpolation
8: update adjoint field λ (x, t) in forward time
9: restore fields on boundaries + update incident field u(x, t) in backward time

10: update the gradient
11: end for

For both time and frequency-domains FWI formulations, data at receiver positions are required. This
extraction can be accurately achieved using the cardinal sine approximation of Hicks (2002) for receivers
at arbitrary positions in the FD grid.

Algorithms
Time-domain FWI gradient
Equation (3) requires to multiply the incident and adjoint fields at each time step. As the adjoint field is
a final time field, it is generally solved as an initial time problem through a change of variable on time.
However, this means that gradient requires fields at time steps that are not computed simultaneously.
Three strategies can be used to overcome this issue
(1) Store the whole incident wavefield on disks when it is computed, to be able to read it at the time of
adjoint computation. This strategy allows to model viscous media, does not require recomputation of
wavefield, but requires intensive I/Os for large size data volume.
(2) Store partially the incident wavefield in memory at specified time steps through a checkpointing
strategy (Symes, 2007; Anderson et al., 2012), and recompute the missing time-steps when required
at the time of adjoint computation. This strategy allows to model viscous media but requires some
recomputation of the incident wavefield (typically between 1 and 4 times).
(3) Store the incident wavefield on the boundary points, or at the point before the absorbing layer, at all
time steps when it is computed and the final time field. When computing the adjoint field, recompute
the incident field backward in time from the final step and the boundaries. This strategy does not allow
to simulate viscous media (as it assumes reversible equation) but requires only 1 recomputation of the
incident field.
Algorithm 1 shows the required steps to compute the time-domain gradient, using the third strategy used
in our implementation.

Frequency-domain FWI gradient
The frequency-domain gradient implementation appears simpler to compute (algorithm 2), as soon as
the frequency-domain wave-equation solutions are available. One incident wavefield computation is
saved, compared to time-domain formulation, but the Fourier transform is required based on discrete
Fourier transform (Sirgue et al., 2007) or phase-sensitive detection (Nihei and Li, 2007).

The data volume in frequency-domain FWI is also significantly reduced, as the number of frequencies
considered in the inversion is much smaller than the number of time-step.

Complexities
In table 1, we review the computational complexities of the major steps required by time and frequency-
domain gradients computation. Some steps, as incident and adjoint fields computation or data extraction
and adjoint source computation, are common to both strategies and improvement on implementation or
specific developments done for hardware specificity would benefit the two approaches. Several steps are,
however, specific to each approach, as the gradient step for time-domain FWI and Fourier transform step
for frequency-domain FWI. Based on these theoretical complexities, it is clear that the forward-problem
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Algorithm 2 Algorithm of the frequency-domain gradient computation. Note that nt2 > nt (nt from
algorithm 1) as we need to reach steady-state.

1: for it = 1 to nt2 do
2: update incident field u(x, t) in forward time
3: update the frequency domain incident field u(x,ω) for frequencies of interest
4: extract solution at receivers through Hicks (2002) interpolation
5: end for
6: Misfit function and residuals computations
7: for it = 1 to nt2 do
8: compute the adjoint source term through Hicks (2002) interpolation
9: update incident field λ (x, t) in forward time

10: update the frequency-domain adjoint field λ (x,ω) for frequencies of interest
11: end for
12: compute the gradient for each frequency and summation

Table 1 Theoretical computational complexities of the different steps required for time and frequency-
domain FWI gradients computation. We consider here a 3D grid of size N3, with Nrec receivers, nt
time steps, n f frequencies in inversion (for frequency-domain) and a sinc operator for Hicks (2002)
interpolation of size Nhicks. To be able to compare steps, the third column is built considering Nrec ≈ N2,
nt ≈ N, n f ≈ 1 and N3

hicks ≈ N, which seems reasonable value for realistic 3D data-sets.
Steps computational complexity rough computational complexity
Forward simulation O(N3×nt) O(N4)
Adjoint simulation O(N3×nt) O(N4)
Extract solution at receiver O(Nrec×N3

hicks×nt) O(N4)
Compute adjoint source term O(Nrec×N3

hicks×nt) O(N4)
Compute gradient (time-domain) O(N3×nt) O(N4)
Fourier transform (frequency-domain) O(N3×n f ×nt) O(N4)
Compute gradient (frequency-domain) O(N3×n f ) O(N3)

steps (namely update of stress and velocity by FD kernel) represent only a part of the elapsed time for
FWI in both domains. Specific developments of FD kernel represents therefore only a limited part of
potential improvement of FWI implementations for realistic 3D projects.

Application on the Valhall dataset
In order to illustrate the theoretical complexities evaluated in the previous section, we present here some
performance results obtained on a similar 3D application on the Valhall dataset. We consider here the
frequency-domain FWI code GeoInv3D and the time-domain code TOYxDAC_TIME, both developed in
the SEISCOPE group. Order 4 finite difference is considered here. The computational grid is 71×140×
240, including PML points, the number of time-steps is 1022 and the number of receivers 49500. The
frequency-domain FWI considers 5 frequencies. The Hicks (2002) interpolation used for data extraction
and adjoint source building considers 8 points in each direction.

Tests have been performed on the IBM BlueGene/Q from IDRIS/CNRS HPC center. Both implemen-
tations rely on a two-level parallelism: one MPI parallelism over seismic sources, and one OpenMP
parallelism for each source. We consider here 2 sources per node, meaning that 8 cores and 32 threads
(using hyperthreading) are associated to each seismic source.

Figure 1 sums up performance on the case-study. We can see that FD kernel computation represents
only 36% and 44% of the whole gradient building elapsed time for frequency and time-domain gradient,
respectively. As expected from theoretical complexities, all the significant steps identified shows a non-
negligible computational effort and both gradients finally required a similar elapsed-time. All these
steps are here parallelized with a similar shared-memory OpenMP implementation in both codes. This
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Figure 1 Elapsed time of major steps of gradient building for our frequency-domain and time-domain
implementations applied on the Valhall model.

study shows that specific hardware-oriented implementation and porting of FWI codes on many-cores
architectures should take into account all these steps for an efficient overall speed-up.

Conclusions
In this study, we present time and frequency-domain FWI formulations based on time-domain solver
for the forward problem. We discuss theoretical complexity of major steps required for both imple-
mentations and show experimental values coming from a realistic 3D case. This analysis shows that, in
addition to the forward problem FD kernels, other steps require a significant elapsed time of computation
that should be considered for global efficient implementation of FWI on modern HPC platforms.
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