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hich data residual norm for robust elastic frequency-domain full
aveform inversion?
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ABSTRACT

Elastic full-waveform inversion is an ill-posed data-fitting
procedure that is sensitive to noise, inaccuracies of the starting
model, definition of multiparameter classes, and inaccurate mod-
eling of wavefield amplitudes. We have investigated the perfor-
mance of different minimization functionals as the least-squares
norm �2, the least-absolute-values norm �1, and combinations of
both �the Huber and so-called hybrid criteria� with reference to
two noisy offshore �Valhall model� and onshore �overthrust mod-
el� synthetic data sets. The four minimization functionals were
implemented in 2D elastic frequency-domain full-waveform in-
version �FWI�, where efficient multiscale strategies were de-
signed by successive inversions of a few increasing frequencies.
For the offshore and onshore case studies, the �1-norm provided
the most reliable models for P- and S-wave velocities �V and
P
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S�, even when strongly decimated data sets that correspond to
ew frequencies were used in the inversion and when outliers pol-
uted the data. The �2-norm can provide reliable results in the
resence of uniform white noise for VP and VS if the data redun-
ancy is increased by refining the frequency sampling interval in
he inversion at the expense of computational efficiency. The
1-norm and the Huber and hybrid criteria, unlike the �2-norm,
llow for successful imaging of the VS model from noisy data in a
oft-seabed environment, where the P-to-S-waves have a small
ootprint in the data. However, the Huber and hybrid criteria are
ensitive to a threshold criterion that controls the transition be-
ween the criteria and that requires tedious trial-and-error inves-
igations for reliable estimation. The �1-norm provides a robust
lternative to the �2-norm for inverting decimated data sets in the
ramework of efficient frequency-domain FWI.
INTRODUCTION

Quantitative imaging of the earth’s subsurface is essential for
haracterizing reservoirs, monitoring CO2 sequestration, and evalu-
ting soil properties in civil engineering applications. Full-wave-
orm inversion �FWI� is a data-fitting procedure used to derive high-
esolution quantitative models of the subsurface by exploiting the
ull information content of the data �Tarantola, 1984�. When applied
n the frequency domain, computationally efficient FWI algorithms
known as efficient frequency-domain FWI in the following� can be
esigned by exploiting the redundancy of the wavenumber coverage
rovided by wide-aperture acquisition surveys �Pratt and Worthing-
on, 1990; Pratt, 1999�. Decimation of the wavenumber redundancy
an be implemented by limiting the inversion to a few judiciously
hosen discrete frequencies at the expense of the signal-to-noise ra-
io �S/N� of the reconstructed models �Sirgue and Pratt, 2004; Bren-
ers and Pratt, 2007a�.
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FWI potentially provides high-resolution models of the subsur-
ace, but it suffers from two main difficulties. The first is related to
he computational cost of the forward problem, the numerical reso-
ution of the two-way wave equation in heterogeneous media for

ultiple sources. In the frequency domain, computationally effi-
ient approaches based on direct solvers have been developed for 2D
coustic and elastic wave propagation �Jo et al., 1996; Stekl and
ratt, 1998; Hustedt et al., 2004; Brossier et al., 2009a�. For 3D prob-

ems, the computational burden of the forward problem has motivat-
d many efforts to develop efficient 3D modeling engines for fre-
uency-domain FWI. These have been based on direct solvers, itera-
ive solvers, hybrid direct/iterative solvers, and time-domain ap-
roaches �Nihei and Li, 2007; Operto et al., 2007; Plessix, 2007;
arner et al., 2007; Sirgue et al., 2008; Sourbier et al., 2008; Etienne

t al., 2009�.
The second difficulty is related to the ill-posedness and the nonlin-
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R38 Brossier et al.
arity of the inverse problem, which is generally formulated as a
east-squares local optimization so as to manage the computational
ost of the forward problem �Tarantola and Valette, 1982�. The ill-
osedness of FWI mainly arises from the lack of low frequencies in
he source bandwidth and the incomplete illumination of the subsur-
ace provided by conventional seismic surveys. Consequently, the
roblem is highly nonlinear and the results strongly depend on the
ccuracy of the starting model in the framework of local optimiza-
ion and on the presence of noise. Several hierarchical multiscale
trategies that proceed from low frequencies to higher frequencies
ave been proposed to mitigate the nonlinearity of the inverse prob-
em �Pratt and Worthington, 1990; Bunks et al., 1995; Sirgue and
ratt, 2004; Brossier et al., 2009a�.
The noise footprint in seismic imaging conventionally is mitigat-

d by stacking highly redundant multifold data. However, improv-
ng our understanding of inversion sensitivity to noise is a key issue,
articularly when the data redundancy is decimated in the frame-
ork of efficient frequency-domain FWI. The least-squares objec-

ive function remains the most commonly used criterion in FWI, al-
hough it theoretically suffers from poor robustness in the presence
f large isolated and non-Gaussian errors. Other norms can therefore
e considered.

The least-absolute-values norm �1 is not based on Gaussian statis-
ics in the data space; it was introduced into time-domain FWI by
arantola �1987� and Crase et al. �1990� and is weakly sensitive to
oise. Djikpéssé and Tarantola �1999� use the �1-norm successfully
o invert field data from the Gulf of Mexico with time-domain FWI.
urprisingly, this norm has been used marginally during recent ap-
lications of FWI. Pyun et al. �2009� use an �1-like norm for frequen-
y-domain FWI; the �1-norm is applied independently to the real and
maginary parts of the complex-valued wavefield. The resulting
unctional does not rigorously define a norm from a mathematical
iewpoint because the functional does not satisfy the scalar multipli-
ation property of norms ���x�� �� � · �x� for complex-valued scalar
and vector x�. The violation of the norm property makes the value

f the functional vary with the phase of the residuals when the resid-
al amplitude is kept constant. Despite this mathematical approxi-
ation, quite robust results have been obtained.
Alternative functionals, such as the Huber criterion �Huber, 1973;

uitton and Symes, 2003� and the hybrid �1 /�2 criterion �Bube and
angan, 1997� can also be considered. Ha et al. �2009� apply the Hu-
er criterion for frequency-domain FWI and illustrate its robust be-
avior compared to the �2-norm when considering a dense frequen-
y sampling in inversion. All of these criteria behave as the �2-norm
or small residuals and as the �1-norm for large residuals, thereby
vercoming the nonderivability issue of the �1-norm for null residu-
ls.Athreshold, which needs to be defined, controls where the transi-
ion between these two different behaviors takes place with a more-
r-less smooth shape, depending on the criteria. These hybrid crite-
ia are efficient for dealing with outliers in data. However, they as-
ume Gaussian statistics as soon as the �2-norm is used, leading to
he difficult issue of estimating the threshold.

Our study presents applications of 2D elastic frequency-domain
WI for imaging realistic complex offshore and onshore structures

n the presence of noisy synthetic data. Special emphasis is placed on
he performance of different minimization criteria in the framework
f efficient, elastic frequency-domain FWI.

In the next section, we briefly review the theoretical aspects of dif-
erent possible norms and criteria that can be applied to frequency-
omain FWI. Then we apply these objective functions to two syn-
hetic data sets contaminated by ambient, random white noise with
nd without outliers. We assess the sensitivity of the inversion to
oise in the case of decimated noisy data. The �2-norm is highly sen-
itive to non-Gaussian errors and requires consideration of denser
requency sampling to improve the S/N of the model. The �1-norm
hows very robust behavior, even for highly decimated data, and
herefore provides an interesting alternative to the �2-norm for effi-
ient frequency-domain algorithms. Investigations of the Huber and
ybrid criteria highlight the difficulties for finding the best thresh-
ld, which require tedious trial-and-error investigations.

THEORY AND ALGORITHM

east-squares norm

The least-squares formalism provides the most common frame-
ork for frequency-domain FWI �Pratt, 1990; Pratt and Worthing-

on, 1990�. The �2 functional is usually written in the following
orm:

C�2

�k��
1

2
�d†Sd

†Sd�d, �1�

here �d�dobs�dcalc
�k� is the data misfit vector for one source and

ne frequency, computed as the difference between the observed
ata dobs and the modeled data dcalc

�k� in the model m�k�. The value k is
he iteration number of the nonlinear iterative inversion. The dagger
uperscript indicates the adjoint operator, and Sd is a diagonal
eighting matrix applied to the misfit vector to scale the relative

ontributions of each of its components.
Differentiating C�2

�k� with respect to the model parameters gives the
ollowing expression of the gradient:

G�2

�k��R�JtSd
†Sd�d*�, �2�

here J is the Fréchet derivative matrix, t denotes the transpose op-
rator, * denotes the conjugate operator, and R denotes the real part
f a complex number. The gradient of the misfit function �equation
� can be computed efficiently without explicitly forming J using the
djoint-state method �Plessix, 2006�. This gives the expression

Gmi�2

�k� �R�vt�At

�mi
A�1Sd

†Sd�d*�, �3�

here A is the forward-problem operator, which linearly relates the
ource s to the wavefield v: Av�s. The modeled seismic data used
n FWI, dcalc, are related to the seismic wavefield v by a projection
perator that extracts the values of the seismic wavefield at the re-
eiver positions. The sparse matrix �A /�mi represents the radiation
attern of the diffraction by the model parameter mi; hence, it gives
ome insight on the sensitivity of the data to a specific class of pa-
ameter as a function of the aperture angle. The gradient of the misfit
unction can be interpreted as a weighted zero-lag convolution be-
ween the incident wavefield v and the adjoint residual wavefield
ack propagated from the receiver positions A�1Sd

†Sd�d*.
The misfit function and its gradient �equations 1 and 3� are given

or one source and one frequency. For multiple sources and frequen-
ies, the expressions are obtained by summing the contribution of
ach source and frequency.
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Robust full waveform inversion R39
east-absolute-value norm

We can extend the �1-norm developed by Tarantola �1987� and
rase et al. �1990� for real arithmetic numbers to the complex arith-
etic required by frequency-domain data through the misfit func-

ion:

C�1

�k�� 	
i�1,N

�sdi
�di�, �4�

here �x�� �xx*�1/2, N is the number of elements in the misfit vector
or one source and one frequency, and sdi

are the elements of the diag-
nal Sd. The gradient of the misfit function is given by

G�1

�k��R�JtSd
t r� with ri�

�d
i
*

��di�
for 1� i�N, �5�

here we assume ��di� � 0, considering the machine precision
sed. For all of the tests that we performed, we never met a case
here ��di��0. In the case of real arithmetic numbers, the term
d

i
* / ��di� of expression 5 corresponds to the sign function �Taran-

ola, 1987; Crase et al., 1990�.

uber criterion

The Huber �1973� criterion can be defined for complex arithmetic
umbers as

CLHuber

�k� � 	
i�1,N

ci with 
ci�
�sdi

�di�2

2�
for �sdi

�di��� ,

ci� �sdi
�di��

�

2
for �sdi

�di��� ,�
�6�

here � is a threshold that controls the transition between the �1- and
2-norms. In equation 6, the Huber criterion is continuous for all �di,
articularly for the value that satisfies �sdi

�di��� .
The gradient of the Huber functional is given by

GLHuber

�k� �
R�JtSd
†Sdr� with ri�

�d
i
*

�
for �sdi

�di��� and 1� i�N,

R�JtSd
t r� with ri�

�d
i
*

��di�
for �sdi

�di��� and 1� i�N .�
�7�

ybrid �1 Õ�2 criterion

Bube and Langan �1997� introduce a hybrid �1 /�2 criterion to
vercome limitations of the Huber criterion that introduce artificial
onuniqueness in full-rank linear problems �Bube and Nemeth,
007�.

The hybrid �1 /�2 functional can be written for complex arithmetic
umbers as
CLhybrid

�k� � 	
i�1,N

ci with ci��1�
�sdi

�di�2

� 2 1/2

�1, �8�

here � is the threshold between the �1 and �2 behaviors. The prop-
rties

ci�

�sdi

�di�2

2� 2
for small �di

�sdi
�di�

�
for large �di

� �9�

how that the hybrid functional is asymptotically equivalent to the

2- and �1-norms for small- and large-amplitude residuals, respec-
ively.

The gradient of the hybrid �1 /�2 criterion is given by

GLhybrid

�k� �R�JtSd
†Sdr� with ri�

�d
i
*

� 2�1�
�sdi

�di�2

� 2 1/2

for 1� i�N . �10�

nterpretation

Equations 2, 5, 7, and 10 clearly show that the gradients of the
isfit functions have similar forms but different source terms for the

ack-propagated adjoint wavefield. This implies that the same FWI
lgorithm can be used to compute the gradients of the different misfit
unctions with the same computational cost, provided the source
erm of the adjoint back-propagated wavefield and the misfit func-
ion can be computed for each functional.

Figure 1 shows the misfit function and the source term of the back-
ropagated wavefield as functions of the real arithmetic unweighted
isfit �d for the four minimization criteria. The �2-norm naturally

ives a high weight to large residual, which leads to a lack of robust-
ess for this approach in the case of incoherent large errors in data.
or the �1-norm, the data residuals are normalized according to their
mplitudes, which gives clear insight into why this is expected to be
ess sensitive to large residuals. The Huber and hybrid criteria follow
he �2 and �1 behaviors for small and large residuals, respectively,
efined by the threshold � with a different transition shape.

lgorithm

The 2D elastic frequency-domain FWI algorithm used in this
tudy is described in Brossier et al. �2009a�, where the reader is re-
erred for a complete description of the algorithm. The algorithm
mbeds three main loops.

The outer loop is over the frequency groups, a set of frequencies
nverted simultaneously. In the case of complex wave phenomena,
uch as P-to-S conversions, and multiples and surface waves, the si-
ultaneous inversion of multiple frequencies better constrains the

ptimization for convergence toward the global minimum, taking
nto account more redundant information. The frequency interval
ithin the groups is driven by the need to use as much redundant data
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R40 Brossier et al.
s possible during one FWI iteration yet keep the computations af-
ordable. Moreover, the highest frequency of one frequency group is
hosen by trial and error such that cycle-skipping artifacts are avoid-
d.

The second loop is over time-damping factors that control the
mount of information preserved over time in the seismograms dur-
ng FWI. Time damping is applied in frequency-domain modeling
y using complex-valued frequencies, given by �c�� � i� , where
is the real angular frequency and � is the damping factor. This is

quivalent to the damping of seismograms in time by e�� t �Shin et
l., 2002; Brenders and Pratt, 2007b�. The damping can be applied
rom an arbitrary traveltime t0, defined as the first-arrival traveltime.

oreover, this data preconditioning provides significant improve-
ent of the S/N in the case of real data �Brenders et al., 2009�. The

hoice of the damping factors is heuristic and is driven by the data
omplexity. We generally start inversion with a weak amount of data
lose to the first arrival using high � values before progressively in-
luding later arrivals by decreasing the � factor. Refer to Brossier et
l. �2009a� for an illustration of the significant impact of the damping
actors in elastic FWI of land data where body waves and surface
aves are jointly inverted.
The third loop is over iterations of the nonlinear inversion of one

requency group and one damping factor.
The two outer nested loops define two hierarchical multiscale lev-

ls in the inversion that mitigate the nonlinearity of the inversion,
articularly in the case of elastic multiparameter inversion of com-
lex data.

The forward problem is performed with a finite-element discon-
inuous Galerkin method for solving the elastodynamic equations in
he frequency domain �Brossier et al., 2008�. The linear system re-
ulting from this discretization is solved in parallel using the

UMPS LU solver �Amestoy et al., 2006�.
The optimization problem is solved with the quasi-Newton

-BFGS algorithm �Nocedal, 1980�. In quasi-Newton algorithm,
he updated model is given by

m�k�1��m�k����k�H�k�G�k�, �11�

here H�k� is an approximation of the inverse of the Hessian, where
he Hessian operator is formed by the second derivative of the misfit
unction with respect to the model parameters and � �k� is the step
ength. The L-BFGS algorithm estimates the product H�k�G�k� at a
egligible computational cost from few gradients and models of the
revious iterations. Estimating the off-diagonal terms of the Hessian
mproves the imaging resolution by correctly scaling and decon-
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igure 1. �a� The values of the criteria as functions of an unweighted r
d. �b� The associated residual source amplitude in the gradient ex

he Huber and hybrid functionals are shown in the red, green, blue,
pectively. The last two criteria are plotted for � �1.
olving the gradient, compared to a more classic preconditioned
onjugate gradient �Brossier et al., 2009a�.

Newton or quasi-Newton algorithms usually are applied to qua-
ratic or locally quadratic misfit functions. In contrast, the �1-norm
nd the Huber criterion are not twice continuously differentiable, a
ondition for the convergence of the L-BFGS algorithm. Nonethe-
ess, the numerical examples performed in this study show that vio-
ating the convergence conditions did not significantly affect, in
ractice, the convergence of the L-BFGS algorithm. Similar conclu-
ions are derived by Guitton and Symes �2003�, who apply the
-BFGS algorithm with the Huber criterion for velocity analysis.
he convergence of the L-BFGS algorithm for functionals that are
ot twice continuously differentiable can be interpreted by the fact
hat only a definite positive matrix approximation of the inverse of
he Hessian — not the exact one — is computed in the L-BFGS algo-
ithm from only the first derivative �i.e., gradient� of the misfit func-
ions at previous iterations �Guitton and Symes, 2003�. Moreover,
he line search in the perturbation direction is performed by parabol-
c fitting to compute the optimal step length � �k� and to guarantee the
ecrease of the misfit function, even for functionals that are not twice
ontinuously differentiable.

For all applications presented in this study, the information of the
ve previous iterations are used for L-BFGS. The diagonal of the �2

seudo-Hessian matrix �Shin et al., 2001� is used as an initial guess
or the L-BFGS algorithm for each minimization criterion investi-
ated. The aim of the diagonal pseudo-Hessian is to remove the geo-
etric spreading signature of the incident and back-propagated
avefields from the gradient amplitudes.
The perturbation model estimated at each iteration is regularized

ith an adaptive Gaussian smoothing operator to filter out high-fre-
uency artifacts that are not constrained by the current group of in-
erted frequencies. The local vertical correlation length of the
aussian filter is defined according to the inverted frequency and the

ocal wavespeeds, such that wavelengths significantly smaller than
alf the propagated wavelength �i.e., the maximum vertical resolu-
ion of FWI� are filtered out in the gradient �Sirgue and Pratt, 2004�.
he horizontal correlation length of the Gaussian smoother is esti-
ated by trial and error and should be driven by the lateral heteroge-

eity of the structure as well as the dip illumination provided by the
vailable source-receiver offsets.

The source is estimated in the FWI algorithm by a linear inversion
Pratt, 1999; his equation 17�. For one frequency, this gives for the
calar source

s�
gtdobs

*

gtg*
, �12�

where g denotes the incident Green’s functions
recorded at receiver positions, computed in the
starting model of the current iteration. The source
is estimated in the FWI algorithm with equation
12, once g are computed. The algorithm proceeds
with computing the data residual �d, back propa-
gating the residuals, computing the gradient and
pseudo-Hessian, estimating the step length, and
updating the model.

The alternative estimation of the source and the
model is repeated at each iteration. Of note, the
source is estimated with the least-squares norm
even in the presence of outliers, whatever norm is

2 3 4

hmetic misfit
n. �2, �1, and
ack lines, re-
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Robust full waveform inversion R41
sed for the model update. The source estimation was quite robust in
he presence of noise for the examples shown hereafter: The error
oes not exceed 5% in amplitude and 1% in phase. The robustness of
he source estimation can be attributed to the strong redundancy of
he data for the monofrequency scalar source estimation.

For all numerical tests in this study, the threshold value � for the
uber and hybrid criteria was fixed to � �0.2 mean��dobsi

��. This
alue was shown practically to be less sensitive to outliers in the data
han the one indicated by Guitton and Symes �2003�, based on
ax��dobsi

��.

NUMERICAL TESTS: THE OFFSHORE
VALHALL MODEL

nversion setup

A first numerical example is based on the synthetic Valhall model
Figure 2�, representative of oil and gas fields in shallow-water envi-
onments of the North Sea �Munns, 1985�. The main targets are a gas
loud in the large sediment layer and, in a deeper part of the model,
he trapped oil beneath the cap rock, which is formed of chalk. Gas
louds are easily identified by the low P-wave velocities, whereas
heir signature is much weaker in the VS model. The selected acquisi-
ion mimics a four-component ocean-bottom cable �OBC� survey
Kommedal et al., 2004�, with a line of 315 explosive sources posi-
ioned 5 m below the water surface and 315 three-component sen-
ors on the seabed. This geologic setting leads to a particularly ill-
osed problem for S-wave velocity reconstruction as a result of the
elatively small shear-wave velocity contrast at the seabed, which
revents recording of significant P-to-S converted waves.Asuccess-
ul inversion requires a multistep hierarchical strategy in the manner
f Sears et al. �2008� and as developed in Brossier et al. �2009b� for
oise-free data. In this study, we assess the same approach for noisy
ata.

In the first step, the P-wave velocity is reconstructed from the hy-
rophone data. The forward problem is performed with the elastic
iscontinuous Galerkin method, but the VS model is left unchanged
uring FWI. The aim of step 1 is to improve the VP model so as to de-
rease the P-wave residuals significantly. During step 1, a coarse
esh adapted to the VP wavelength is designed for computational ef-
ciency. In this case, S-wave modeling is affected by numerical dis-
ersion that does not significantly impact reconstruction of the VP

odel. This first step is justified by the fact that the P-to-S converted
aves have a minor footprint in the hydrophone component. This

a)

b) V (km/s)S

V (km/s)P

igure 2. The true synthetic Valhall model for �a� P-wave and �b�
-wave velocities.
egligible sensitivity of the hydrophone data to the VS structure al-
ows the successful acoustic inversion of the elastic data computed
n the Valhall model �Brossier et al., 2009b�.

In step 2, the VP and VS models are reconstructed simultaneously
rom the horizontal and vertical components of the geophones. An
mplification with a gain given by the power of two of the source/re-
eiver offset is applied to the data through the matrix Sd. This
eighting increases the weight of the intermediate-to-long-offset
ata at which the converted P-to-S arrivals are recorded.

Five frequencies were inverted successively �2, 3, 4, 5, and 6 Hz�.
he starting frequency �2 Hz� is lower than the one available in the

eal OBC hydrophone data of Valhall �3.5 Hz� �Sirgue et al., 2009�.
owever, a starting frequency as small as 2 Hz recently was used to
erform acoustic FWI of ocean-bottom-seismometer data �Plessix,
009�. The use of such low starting frequency is required because VS

as a higher resolution power than VP; the shorter propagated wave-
ength requires a lower starting frequency or a more accurate starting

odel. Our main concern in this study is to tune the elastic FWI with
reasonably realistic experimental setup such that differences in the
ehaviors of the different functionals are highlighted. In the follow-
ng, we do not readdress the impact of starting frequency and starting

odel in FWI; rather, we focus on the comparative performances of
ifferent data residual functionals for a given starting-frequency/
odel pair.
During each frequency inversion, we used three time-damping

actors �� �2,0.33,0.1 s�1� applied in cascade to the monochro-
atic data. For the smaller damping factor, the entire wavefield, in-

luding converted waves and free-surface multiples, was involved in
he inversion. Starting models were built by smoothing the true mod-
ls with a Gaussian filter, the vertical correlation length of which in-
reased linearly from 25 to 1000 m with depth; the horizontal corre-
ation length was fixed at 500 m �Figure 3�. This smoothing reason-
bly mimicked the spatial resolution of a velocity model developed
y refraction traveltime tomography �Prieux et al., 2009�. The deep
art of the starting model was clearly smoother than a velocity model
nferred from reflection traveltime tomography, as the one shown in
irgue et al. �2009; their Figure 3�.
Ten iterations were performed per damping factor, leading to 30

terations per frequency inversion. VP and VS are the reconstructed
arameters. The density is constant and assumed to be known in the
nversion.

Two tests were performed with and without outliers in the data.
or both tests, random uniform white noise was introduced into the
bserved data and computed using the forward-problem engine im-
lemented in the inversion code �the so-called inverse crime�. The
bserved data were computed using a �Dirac� delta function for the

a)

b)

V (km/s)P

V (km/s)S

igure 3. �a� VP and �b� VS starting models for FWI, as inferred by
aussian smoothing of the true models �Figure 2�.
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ource wavelet. Therefore, each frequency com-
onent of the data had the same S/N because
hite noise was considered. However, the source
avelet spectrum had negligible influence in fre-
uency-domain FWI, where single frequencies or
roups of frequencies of narrow bandwith are
enerally inverted sequentially — independently

in the framework of multiscale approaches.
The S/N was set to 10 dB, based on the power

alue P of the signal defined for one frequency by

S/N�10 log10
Pdata

Pnoise
with P

� 	
ishot�1

nshot

	
irec�1

nrec

d
ishot,irec

d
ishot,irec
* .

�13�

igure 4 shows the 4-Hz noise-free and noisy
ata in the source/receiver domain for the hydro-
hone data.

esults

During the first test, we considered only the
mbient noise. The VP and VS models inferred
rom the four minimization criteria ��2, �1, Huber,
ybrid� after the second inversion step are shown in Figure 5. These
eveal very good results for VP models for all functionals, whereas
nly the robust �1-norm and the Huber and hybrid criteria provide
cceptable VS models.

In a second test, we introduced outliers into the data. Large errors
i.e., the noise was locally multiplied by 20� were introduced ran-
omly in one trace out of 100 to simulate a poorly preprocessed data
et. The resulting noise was consequently no longer uniform for this
est. The VP models obtained after the first inversion step with the
our functionals are shown in Figure 6. The �1-norm and the Huber
nd hybrid criteria provide accurate VP models, whereas the inver-
ion rapidly converges toward a local minimum when the �2-norm is
sed. For the � -norm, the inversion stops close to the first step be-

Source number

Noise-free data

R
ec

ei
ve

r
nu

m
be

r

a) b)

igure 4. Real part of the 4-Hz frequency-domain data in the source/
dded noise; �c� resulting contaminated data used for FWI.

a)

c)

e)

g)

Figure 5. Rec
noisy data afte
�g, h� hybrid c
2

ause of the convergence toward a local minimum. The results ob-
ained after the second inversion step performed with the �1-norm re-
iably reconstruct the VP and VS models �Figure 7�, which are close to
hose obtained from data without outliers �Figure 5c and d�. This
ighlights the limited sensitivity of the �1-norm to outliers even for
S reconstruction.

NUMERICAL TESTS: ONSHORE SEG/EAGE
OVERTHRUST MODEL

nversion setup

A second numerical example focuses on the SEG/EAGE over-
hrust model. High-amplitude surface waves are present in the data
f this onshore model and need to be taken into account during inver-

number Source number

ise Noisy data

c)

r domain for the Valhall model. �a� Noise-free hydrophone data; �b�

b)

d)

f)

h)

V (km/s)P V (km/s)S

ted �left� VP and �right� VS models for the first Valhall test with the
wo FWI steps. �a, b� �2-norm; �c, d� �1-norm; �e, f� Huber criterion;
.

Source
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onstruc
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ion. Brossier et al. �2009a� design a hierarchical scheme to invert
he body and surface waves jointly by using simultaneous frequency
nversion. We followed this approach. The acquisition geometry was
omposed of 199 explosive sources 20 m below the surface; 198
ertical and horizontal geophones recording wavefields were locat-
d on the free surface.

Five discrete frequencies, distributed among two slightly overlap-
ing frequency groups, were inverted: �1.7, 2.0, 3.5� and
3.5,4.8,7.2� Hz. The choice of these two groups of frequencies was
hown to be efficient for inversion while limiting the computational
ost �Brossier et al., 2009a�. Five time-damping factors were used in
ascade for each frequency group �� �1.5,1.0,0.5,0.1,0.033 s�1�.
e incorporated more damping factors and a smaller interval be-

ween damping factors than for the Valhall example because the
verthrust case study is more nonlinear than the Valhall one and
ence requires injecting more progressively increasing amounts of

a)

b)

c)

d)

V (km/s)P

igure 6. Reconstructed VP models for the second Valhall test with
he noisy data containing outliers, after the first FWI step. �a�
2-norm; �b� �1-norm; �c� Huber criterion; �d� hybrid criterion.

a)

b) V (km/s)S

V (km/s)P

igure 7. Reconstructed �a� VP and �b� VS models for the second Val-
all test with the noisy data containing outliers after the two FWI
teps with the �1-norm. The models are very close to those of Figure
c and d.
ata. This increasing nonlinearity results from the presence of high-
mplitude surface waves in the onshore overthrust case study.

Forty-five nonlinear iterations were performed per damping
actor. Figure 8 shows the true VP model of the overthrust and the
00-m Gaussian smoothed version used as the starting model.Acon-
tant Poisson’s ratio of 0.24 was fixed to build the true and starting VS

odels. The density was constant and assumed to be known during
he inversion. VP and VS are the reconstructed parameters for the in-
ersion of the horizontal and vertical components of the particle ve-
ocity.

The inverted data were computed with a Dirac source wavelet.
andom uniform white noise was introduced into the observed data,
ith an S/N of 7 dB for each frequency component. Figure 9 shows

he 3.5-Hz noise-free and noisy data in the source/receiver domain
or the horizontal component of particle velocity.

esults

The VP and VS models obtained with the different minimization
riteria are shown in Figure 10. The �1-norm again provides the most
eliable results. The Huber and hybrid criteria show quite robust re-
ults, particularly in the shallow part of the models, even if the hy-
rid criterion suffers from high-frequency artifacts despite the
moothing regularization operator applied to the perturbation model
t each iteration. The models obtained with the �2-norm are polluted
y strong artifacts, particularly in the thrust area and in the deep
tructure.

DISCUSSION

ffshore Valhall model

The results of the first test, where only ambient noise without out-
iers was considered, show reliable reconstruction of the VP model
or the four norms, whereas only the �1, Huber, and hybrid function-
ls reliably reconstruct the VS model.

In this shallow-water environment with low-velocity contrasts at
he seabed, VP imaging is more linear than VS imaging for two main
easons. First, the larger P-wavelengths are resolved less well than
heir S-wave counterparts and are therefore less sensitive to the inac-
uracies of the starting model in the framework of a multiscale re-
onstruction �Brossier et al., 2009a�. Second, the P-waves dominate
he seismic wavefield, whereas the P-to-S waves have a weaker foot-

a)

b)

V (km/s)P

igure 8. �a� True and �b� starting VP models for the synthetic SEG/
AGE overthrust tests. The VS models are derived from the VP mod-
ls using a constant Poisson ratio of 0.24.
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rint in the data. The limited signature of the S-waves in the data
akes the inversion poorly conditioned for the S-wave parameter

lass, even with noise-free data.
Brossier et al. �2009b� show how the hierarchical two-step strate-

y allows us to increase the sensitivity of the inversion to the VS pa-
ameter during the second step and, hence, the successful recon-
truction of the VS model with the �2-norm in the case of noise-free
ata. However, adding noise to the data still contributes to the weak-
ned sensitivity of the FWI to the P-to-S arrivals. In this case, the
wo-step strategy implemented with the �2-norm failed to recon-
truct the VS model. In contrast, the �1-norm and the Huber and hy-
rid criteria successfully converged toward acceptable VS models by
itigating the contribution of the residual amplitude in the recon-

truction.
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Noise-free data

a) b)

igure 9. Real part of the 3.5-Hz frequency-domain data in the sourc
onent of particle velocity recorded by geophones; �b� added noise; �

) b)

) d)

) f)

) h)

V (km/s)P

igure 10. Reconstructed �left panels� VP and �right panels� VS mode
est obtained by FWI. �a–b� �2-norm; �c–d� �1-norm; �e–f� Huber cri
riterion.
The second test, where outliers were intro-
duced into the data, illustrates the expected fail-
ure of the �2-norm in the presence of high-ampli-
tude isolated noise. The �2-norm intrinsically am-
plifies the weight of the high-amplitude residuals
during inversion, causing divergence of the opti-
mization if the residuals do not correspond to use-
ful seismic arrivals. The �1-norm as well as the
Huber and hybrid criteria show stable behavior
for VP imaging in this unfavorable context be-
cause the isolated, high-amplitude outliers have a
negligible contribution in these functionals. The
strong robustness of the �1-norm with respect to
noise is illustrated by its ability to reconstruct the
VS model from low-amplitude P-to-S converted
waves, even in the presence of outliers.

Onshore SEG/EAGE overthrust model

In an onshore context where body waves and
surface waves are jointly inverted, data are very
sensitive to VP and VS parameters. For example,
VS velocities on the near surface have a signifi-
cant impact on high-amplitude surface waves. If
the starting VP and VS models for FWI are not suf-
ficiently accurate, then high-amplitude surface-
wave residuals can direct the inversion toward a

ocal minimum of the misfit function. In this context, data redundan-
y provided by the simultaneous inversion of multiple frequencies is
ssential to converge toward acceptable models �Brossier et al.,
009a�. In the case of noisy data, however, it might be necessary to
trengthen this redundancy by decreasing the frequency interval
ithin each frequency group when the �2-norm is used.
Figure 11 shows the VP and VS models obtained with the �2-norm

hen the number of frequencies per group increases from three to
ine: �1.7, 1.8, 2.0, 2.3, 2.5, 2.7, 3.0, 3.2, 3.5� and �3.5, 3.8, 4.1,
.4, 4.8, 5.2, 6.0, 6.5, 7.2� Hz. Improvements of the VP and VS

odels, compared to those of Figure 10a and b, clearly show that in-
reasing the data redundancy improves the S/N of the models at the
xpense of computing cost. On the contrary, the �1-norm shows
ore stable behavior in the presence of noise and therefore provides

number

ise

Source number

Noisy data

c)

ver domain for the overthrust model. �a� Noise-free horizontal com-
lting contaminated data used for FWI.

V (km/s)S
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�g–h� hybrid
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Robust full waveform inversion R45
ore reliable results with efficient frequency-domain FWI, where
nly a few frequencies are involved in the inversion. The Huber and
ybrid criteria show less convincing results than the Valhall experi-
ent, highlighting the difficult tuning of the threshold � .

mplications for 3D FWI

Some implications for 3D FWI can be derived from the results of
he synthetic experiments. Historically, the two main motivations
ehind 2D frequency-domain modeling and inversion are �1� to de-
ign computationally efficient algorithms by limiting modeling and
nversion to a few discrete frequencies and �2� to design multiscale
trategies by proceeding from low frequencies to higher ones �Pratt
nd Worthington, 1990�. For 3D problems, comparative analyses of
odeling methods has shown that time-domain explicit-scheme
odeling provides a computationally efficient alternative to fre-

uency-domain modeling methods based on direct or iterative solv-
rs to perform frequency-domain FWI �Nihei and Li, 2007; Plessix,
007; Sirgue et al., 2008; Virieux et al., 2009�.

Our results have highlighted the benefits provided by data redun-
ancy for performing robust elastic FWI, where VP and VS are recon-
tructed and the �2-norm is used. Therefore, is it worth leaving the in-
ersion in the frequency domain if the time-domain modeling en-
ine provides the opportunity to exploit the data redundancy fully by
eans of time-domain FWI? A more quantitative analysis of the

omputational burden that results from implementing the inversion
n the time domain compared to the frequency domain might be
eeded to answer this question. The computational burden resulting
rom implementing the inversion in the time domain might result
rom disk access or extra forward-problem resolutions that depend
n the implemented numerical strategy �Akcelik, 2002; Liu and
romp, 2006; Symes, 2007�. Multiscale strategies in time-domain
WI can be implemented using the approach of Bunks et al. �1995�,
here successive inversions of data sets of increasing high-frequen-

y content are performed. If efficient 3D elastic frequency-domain
WI must be performed, the �1-norm definitively provides the more
obust criterion for the noise levels investigated in this study.

CONCLUSIONS

Application of elastic FWI to offshore and onshore data shows the
trong sensitivity of the �2-norm to non-Gaussian errors in the data
hen decimated discrete frequencies in FWI are considered for

omputational efficiency. The marginally used �1-norm appears to
e weakly sensitive to noise, even in the presence of outliers. It pro-

V (km/s)P

V (km/s)S

a)

b)

igure 11. Reconstructed �a� VP and �b� VS overthrust models after
WI using the �2-norm applied to a dense data set of two slightly
verlapping groups of nine frequencies each. Note the improvement
n the S/N compared to Figure 10a and b.
ides stable results for onshore and offshore FWI applications. In
articular, the �1-norm allows successful inversion of low-ampli-
ude P-to-S arrivals for reliable VS model building in an offshore en-
ironment, even in the presence of noise. Alternative functionals
uch as the Huber and hybrid criteria, which combine the �1- and
2-norms, can provide stable results if the threshold controlling the
ransition between the �1 and the �2 behaviors is well chosen. The ju-
icious estimation of this threshold by trial-and-error tests is a clear
rawback of the Huber and hybrid criteria, even if these functionals
hould be as good as the �1-norm if the threshold is well chosen.

ore automatic functionals, such as the �1- or �2-norms, should
herefore be recommended for inversion of field data.

The �1-norm reveals an interesting alternative to the �2-norm, es-
ecially when decimated data sets are processed by efficient fre-
uency-domain FWI. However, the results obtained with the
2-norm can be improved in the presence of ambient noise by in-
reasing the data redundancy through simultaneous inversion of
ultiple frequencies at the expense of computing costs.
Some implications for 3D FWI can be derived from these conclu-

ions. On the one hand, the �1-norm might be an appealing alterna-
ive to the �2-norm for FWI based on frequency-domain seismic

odeling, which requires consideration of a limited number of fre-
uencies for computational efficiency. On the other hand, explicit
ime-marching algorithms are competitive with frequency-domain
eismic modeling methods for 3D problems. If the wavefields are
omputed fully in the time domain for computational efficiency, the
nversion of decimated data in the frequency domain may not pro-
ide a significant computational savings compared to a time-domain
nversion. In this case, the inversion may be left in the time domain to
ake full advantage of data redundancy.
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