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SUMMARY

We compare the standard procedure of delayed first-arrival
time tomography based on two nested loops workflow and
ray tracing with two alternative ray-free approaches based on
eikonal solver and adjoint formulations. The standard ap-
proach requires the explicit computation and storage of Fréchet
derivatives. Then the workflow is composed of an outer loop
on velocity model updating and an inner loop for the itera-
tive estimation of the model perturbation (usually LSQR). The
adjoint approaches avoid computation and storage of Fréchet
matrix, and use instead an efficient estimation of the gradi-
ent of the data misfit function, which is enough for steepest-
descent or l-BFGS quasi-Newton methods. In the l-BFGS
approach, successive gradients are stored and used for an ap-
proximate estimation of the influence of the inverse Hessian.
Such a workflow is only composed of a single loop optimiza-
tion. Using a second-order adjoint formulation, we can also
obtain adjoint formulas to compute efficiently Hessian-vector
product. Those formulas yields a new manner to perform
the two-nested-loops workflow (either in the Gauss-Newton
approximation or with the full Hessian matrix). The com-
position of the memory-demanding Fréchet derivative matrix
is not required and the computational cost is independent of
the number of receivers. This leads to the so-called matrix-
free Truncated Newton optimization method. Through a syn-
thetic 2D example and a real example of travel-time tomogra-
phy in the Nankai Trough, we show that the results provided
by the l-BFGS quasi-Newton method and the truncated New-
ton method are similar. This promotes the use of the l-BFGS
method for the mono-parameter velocity model reconstruction
as it is based on a single loop formalism and is therefore less
computationally expensive.

INTRODUCTION
Since the early development in the 1970s (Aki and Lee, 1976)
of travel-time tomography based on delayed first-arrival times,
the reconstruction of the velocity structure has been performed
both for geotechnical (Greenhalgh et al., 1986), exploration
(Zhou et al., 1992) and geodynamic purposes (Spakman and
Nolet, 1988). Different approaches have been used for com-
puting travel times based on ray tracing equations (Zelt and
Smith, 1992) or on eikonal solvers (Le Meur et al., 1997). The
latter has been the method of choice because of its robustness
in complex structures. The standard minimisation strategy of
travel-time residues leads to a two-nested loop optimization
problem where the outer loop consists in updating the veloc-
ity model, while the inner loop computes the current velocity
model update by solving the sparse linear system built up on
the current model. Different iterative methods have been pro-
posed as LSQR (Paige and Saunders, 1982), SIRT or DSIRT
(Trampert and Lévêque, 1990).

We investigate here the behavior of different methods for this

local optimization problem where the Hessian influence should
provide the necessary scaling between different physical model
parameters, leading to a consistent model updating from the
observations. We compare and discuss the standard approach
with two matrix-free alternative approaches relying on adjoint-
state formulations. In the first proposed approach, only one
loop is required. We take benefit of the information deduced
from previous steps to approximate the inverse Hessian with
an l-BFGS algorithm. In the second one, a two-loop strategy
is considered, but in a matrix-free fashion: neither the Hessian
or the Fréchet derivatives matrices are computed.

Although these two approaches could be performed whatever
is the method selected for computing travel-times, we shall
concentrate our attention to those where the forward problem
is solved using an eikonal solver. We shall first formulate
the optimisation problem with a description of the different
solving strategies: (1) the standard two-loops Fréchet based
Gauss-Newton (GN) optimization method, (2) the single-loop
quasi-Newton (QN) 1st order adjoint-state method and, (3) the
two-loops matrix-free truncated Newton method with 2nd or-
der adjoint-state method. Then we illustrate on 2D synthetic
and real data examples the effects of the different approaches.

METHOD
Inversion of seismic velocity is often performed in a two-loops
optimisation after picking procedure of first-arrival times tobssr

on recorded traces at receivers r for a known source positions
s. We consider a simple least-squares misfit function as a sum
over sources and receivers given by

C (m) =
1
2

∑

sr

(
Wdrs(tobssr − tsynsr (m))

)2
+ ε P(m). (1)

The first term is the data misfit in the data domain Ωd with
defined weights Wdrs where the synthetic travel times in the
current model are denoted by tsynsr . The second term P(m)
is a regularization term that includes prior model term and/or
Tikhonov regularization term in the model domain Ωm. The
hyper-parameter mixing data and model components is de-
noted by the scalar ε .

The two-loops procedure of the linearized tomography could
be resumed as a loop on model updates k with the following
equation

mk+1 = mk +αk∆mk, (2)

where ∆mk is the model update and αk is a scalar parame-
ter computed through a linesearch or a trust-region procedure
(Nocedal and Wright, 2006). Within the framework of Newton
algorithms, the increment ∆mk is defined by solving the linear
system

H(mk)∆mk =−γ(mk), (3)

where γ(mk) and H(mk) are respectively the gradient and the
Hessian of the misfit function with respect to the model param-
eter m.
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In the standard method, inside the current velocity model m,
travel-times tsynsr are computed as well as rays for each couple
(source,receiver). Defining a representation of the model space
Ωm, Fréchet derivatives J(m) can be deduced along these rays
assuming that perturbations of the velocity are only on the ray:
the so-called frozen ray approximation. With the help of the
Fréchet derivatives J(m), the gradient is approximated as

γ(mk) = Jt(m)(tobs− tsyn) = Jt(m)∆t. (4)

The linear system (3) is solved under the Gauss-Newton ap-
proximation as

Jt(m)J(m)∆m =−Jt(m)∆t (5)

with an iterative damped conjugate gradient. The symbol t de-
notes the transpose of the matrix. The LSQR algorithm will
require products J(m)x and Jt(m)y where vectors x and y are
respectively in the model space and in the data space (No-
let, 1985). One may have a look at the review by Thurber
and Ritsema (2007). The standard approach thus relies on the
explicit computation of the Fréchet derivatives matrix under
the frozen-ray approximation, which assumes that the velocity
perturbation are located along the rays.

On the other hand, adjoint formulations (Chavent, 1974; Plessix,
2006) provide a framework in which the explicit computation
of the Fréchet derivatives is not required. Adjoint formula-
tions for first-arrival travel-time tomographic problems have
been considered previously by Leung and Qian (2006); Tail-
landier et al. (2009) for the estimation of the gradient. They
have used steepest-descent method or quasi-Newton method
as the l-BFGS algorithm (Byrd et al., 1995) for updating the
velocity structure, leading to a one-loop procedure. Succes-
sive gradients are stored to build up an approximation of the
inverse Hessian Qk ' H−1(mk), and the model update ∆mk is
computed as

∆mk =−Qkγ(mk), (6)
How this strategy will compete with two-loops procedures is
the question we want to address. For such adjoint approach of
first-arrival travel-times, they directly solve the eikonal equa-
tion for travel-time maps in the whole domain by fast march-
ing or fast sweeping methods (Vidale, 1990; Zhao, 2005). In a
medium with continuous velocity v(x), the first-arrival travel-
time τ is the solution of the eikonal equation

‖∇τ(x)‖2 =
1

v2(x)
= s2(x), (7)

with boundary condition τ(xs) = 0 at the source. We select the
slowness s= 1/v as the medium parameter to be reconstructed.
Travel-times are extracted at the receiver positions through the
operator Rr defined by tsynsr =Rr(τ(s,r,s)) and time delays are
defined by ∆tsr = tobssr − tsynsr used in the least-square misfit
function C for each data. In the medium, an adjoint field λ is
estimated through the following transport equation

∇ · (λ (x)∇τ(x)) =−
∑

rs
Rt

rW
2
drs

∆tsr (8)

with boundary condition λ (x)(∇τ(x) ·n) =∑rs W 2
drs

∆tsr over
the surface Γ surrounding the model space Ωs with a local nor-
mal vector defined by n if receivers are deployed on bound-
aries. Taillandier et al. (2009) has only considered a continu-
ous receiver surface located at the boundaries of Ωs, while our

formula consider discrete receivers anywhere in the medium
leading to the right-hand-side terms of the equation (8).

At the iteration k, the misfit velocity gradient at each point of
the medium is readily obtained by the expression

γsk (x) =−λ (x)sk(x)+ ε γP(x). (9)

This estimation of the gradient is the only required ingredient
for one-loop steepest-descent or l-BFGS approaches.
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Figure 1: Absolute gradient contribution (same colorscale for
all figures) for some source/receiver couples for a 2D toy re-
fraction example: ray gradients are only on the ray while ad-
joint gradients are diffused around the ray. As we discretize
the medium, we smooth gradients and both ray and adjoint
gradients look the same.

By computing the gradient through the adjoint formulation, we
avoid any ray tracing and the explicit Fréchet derivative J com-
putation and storage. This also means that no assumption re-
garding where should be located the velocity perturbation have
been made. The adjoint approach includes automatically ray
perturbation implied by velocity perturbation, while this ef-
fect could be estimated with rays in a more difficult manner.
The figure 1 shows individual contributions of the gradient es-
timated by the adjoint formulation and the standard one us-
ing the operator J. When these contributions are added for all
sources and receivers, the complete gradients are almost iden-
tical supporting the hypothesis of the frozen ray approxima-
tion when ray density is significant while zones with sparse ray
sampling will still show differences by the two estimations. As
we prevent significant updating in these poorly sampled zones
through proper parameterization and regularisation (equation
3), final results will be almost similar although tuning regu-
larization might give small differences between the frozen-ray
and adjoint approaches.

However, one should want to take benefit of second-order local
optimization method such as Gauss-Newton (GN) and/or full
Newton (FN) methods for speeding up the convergence of the
minimisation problem and for correcting partially the impact
of the acquisition configuration, still working in the adjoint
formulation framework (no explicit computation of the Hes-
sian or the Fréchet derivatives matrix). This can be performed
through the solution of (3) with a matrix-free conjugate gra-
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dient algorithm and the computation of Hessian-vector prod-
ucts through second-order adjoint state formulas, leading to
truncated Newton optimization methods (Métivier et al., 2013,
2014).

Consider the functional Ew(s)

Ew(s) =< ∇sC (s(x))|w >, (10)

where < .|. > denotes the scalar product on the model space
Ωs. By definition, the gradient of the functional Ew(s) is the
quantity ∇sEw(s) = H(s) w(x), which is exactly the product
of the Hessian by an arbitrary vector w(x) in the model space.
Second-order adjoint formulation yields formula to compute
this gradient without explicitly building the Hessian operator.
An additional adjoint field µ solution of a similar transport
equation as the 1st-order adjoint field λ with different bound-
ary and source conditions should be considered. The Hessian
product comes out as

H(s)w = w(x)λ (x)+ s(x)µ(s)+HP.w (11)

The field µ is obtained using two sources terms, one corre-
sponding specifically to the 2nd-order term of the Hessian.
One can compute the effect of the FN or GN Hessian opera-
tors on the vector w at a similar cost by simply considering the
whole expression or neglecting the 2nd-order term when com-
puting the adjoint field µ . We may proceed by solving itera-
tively the equation (3) using a conjugate gradient method. The
number of iterations provides the truncation on this matrix-free
approach corresponding to the second loop.

TOY EXAMPLE
We have designed a toy example where a 23 km long and 5 km
deep synthetic velocity structure includes a constant velocity
gradient and circular positive and negative velocity anomalies
of different sizes as shown in the figure 3. 115 receivers are
deployed at the free surface and 223 events at a constant depth
of 4.2 km in order to mimic a transmission regime. All sen-
sors record each event. The initial model is the constant ve-
locity gradient and we invert for the Vp velocity. The figure 3
provides a nice reconstruction whatever is the optimisation ap-
proach. The misfit function decreases approximately the same
way for single-loop l-BFGS approach as well as two-loops GN
and FN approaches based on the TCN strategy (figure 2). Be-
cause we take benefit from previous computations of gradients,
l-BFGS method is the fastest and should be selected especially
when dealing with large models.

REAL EXAMPLE: NANKAI TROUGH
We consider a travel-time dataset from a wide-aperture seis-
mic experiment using 100 ocean bottom seismometers (OBS)
deployed along a line for imaging the eastern Nankai subduc-
tion system. Dessa et al. (2004) have performed a travel-time
tomography along this line. We have performed similar tomo-
graphic reconstruction with this dataset using standard tools
(eikonal solver and LSQR algorithm) with two-loops proce-
dure and the new proposed algorithm using one loop over the
eikonal solved and l-BFGS optimization. In the first case, we
have performed 6 iterations of the outer loop related to the
eikonal solver and between 20-30 inner loops for solving the
normal equations using the conjugate-gradient LSQR method

Figure 2: Comparison of the minimization strategies. The l-
BFGS method exhibits the best convergence properties. The
TCN method and the standard LSQR strategies yields compa-
rable results. The steepest decent is based only on the gradient
direction and provides the slowest convergence, especially if
we consider a 10% decrease often met for real data.

with a reduction of the RMS residuals by more than 80 %. In
the second case, we have performed 70 iterations and stored 5
previously computed gradients avoiding the second loop. The
RMS residuals is reduced by more than 88 %. The figure 4
shows the initial model we have started with, borrowed from
the work by Dessa et al. (2004) as well as the two tomographic
results showing similar features with differences coming from
the way we perform regularization.

CONCLUSIONS
We have shown that the delayed travel-time tomographic prob-
lem could be performed in a single loop as well as in a double
loop related to the estimation of travel-times in the updated
velocity model using adjoint-state method. By storing previ-
ously computed gradients as proposed in the l-BFGS method,
we succeed in keeping a good approximation of the Hessian
while avoiding the second loop. We have shown on a synthetic
example that the second loop based on GN or FN approaches
provides the same result as the l-BFGS approach. In a real ap-
plication, we illustrate that differences are mainly due to regu-
larization procedure when considering two independent com-
puter codes designed for the delayed travel-time tomography.
As the adjoint formulation is quite efficient, extensions to 3D
geometries can be considered with the l-BFGS method. We
shall investigate as well the influence of the noise in observed
arrival times.
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Figure 3: Top panel: synthetic model with both positive and negative anomalies. The initial model is taken without anomalies.
Bottom panel: the reconstructed velocity model through the three optimization methods. Sources are the dotted black line at depth
of 4.2 km while receivers are yellow dots at the free surface.
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Figure 4: Top panel displays the initial model while the middle panel shows the adjoint reconstructed velocity and the bottom panel
the velocity using a standard approach based on LSQR. Similar although not identical features are obtained when comparing the
two approaches.
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